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A bstract
Diagonal gr ids  are one of the commonly used structural forms. 
Roof and f loo r  systems, bridge and ship decks, elevated highways 
and ra f t  foundations are examples of structures for which diagonal  
grids  may provide su itab le  solutions.
Diagonal gr ids  belong to a family of f l a t  gr ids  and their  
structural behaviour, l ike  that of a l l  f l a t  g r ids ,  i s  mainly 
governed by bending. The members of a diagonal g r id ,  therefore,  
essen t ia l ly  work in bending and the ir  f lexura l  r i g id i t y  is  the main 
load res is t ing  agent.
Another two types of  r i g i d i t i e s  a f fec t ing  the behaviour of f la t  
grids  are tors ional and shearing r i g i d i t i e s .  The nature of the eftec  
of these r i g i d i t i e s ,  however, have not, in the past, been c lea r ly  
understood and the ir  importance has been usually underestimated.
This thesis  presents an attempt to study the e f fec ts  of these 
r i g i d i t i e s  on the magnitudes and d istr ibution  of internal forces and 
displacements in diagonal g r id s .  The material of the thesis is  
arranged in the fo l lowing manner:
The preliminary de f in i t ion s  and re la t ions  and the background to the
*
subject are given in chapter one.
Chapter two contains a description of the work involved in the 
analysis  and the resu lts  of  the analvsis  of a large number of 
diagonal g r ids .  The conclusions obtained from these analytical  
resu lts  are given in chapter f iv e .
An account of the experimental investigations i s  given in chapter 
four.
In chapter three, the concept of vector and matrix norms is  
employed to develop an o r ig in a l  technique which is  used to 
estimate the changes in the internal forces and disp]acemerts o f  
f l a t  gr ids  due to variations in the torsional or snearing r i g i d i t i e s .  
Furthermore, i t  i s  shown that the scope of this technique i s  t 
confined to the matter under consideration and the idea may i e 
applied to many other problems of structural ana lys is .  In part icu la r ,  
subject to the conditions described in the text, the technique wil i  
provide a new and powerful means for  structural optimization  
processes and i t  may even find uses in d isc ip l in es  other than 
structural ana lys is .
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CHAPTER ONE
PRELIMINARIES
I
_____
Section 1-1. Introduction
A diagonal irrid may be defines h a a at rupture consist Lnr of 
♦wo nets of para le i  beams intersect ing  at (u su a l ly )  right angle
or boundary b e a m s T h e  sketche? i r  fitr. 1-1-1 show the plan 
vi'*ws cf  a number of possicl** configurations for a diagonal g r id .
A diagonal grid under a g**rer*l system of external loads i s  a 
ri ✓idly jointed s t r u c t u r e  w : f f all tne six  possible ''opponents cf  
internal force* and a l l  tne six possib le  components of displacement* 
present throughout tne structure. However, "  the analysis  of g r id s ' '  
is  normally understood to mean "  the analysis  of grids under loads  
perpendicular to the plane of the grid and/or external moments the 
axes of which l i e  in the plane of the grid'*. Mnd»r such a system 
of external loads, provided tnat tne small deflection theorv holds,  
the only internal f rrces  present in the membere are bending moments, 
torques and shearing forces and the number of degrees of freedom at 
each jo int  i s  limited to three (one translat ion perpendicular to th* 
plane of the grid  and two exponents of rotation the axes o f  wt ich 
l i e  in the plane of the g r id ! .
The above mentioned type of external loading and the v a l id i ty  
of the small de f lect ion  theory w i l l  be presumed throughout tr.s 
thesis®
The analysis  of diagonal gr ids in the pre-computer days was 
considered to be highly complicated, the main d i f f i c u l t y  being due 
to the necessity of dealing with large  systems of simultaneous 
equations. The exact number of equations involved in the analysis
•Throughout the thes is ,  the word " fo rceM is  used to mean a force or 
a moment and the word " displacementw i s  used to mean a translat ion  
or a rotat ion.
and making ob l i iue  angles (usua l ly  with the boundary lir.es
____________________________
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depends on the grid conf iguratior., boundary conditions and tne 
technique of ana lys is .  However, for m ost diagoneu grids with a 
reasonably d e n s e  layout, the number o f  equations for both f l e x i b i l i t y  
and s t i f fn e s s  methods of analysis may be taaen to be about tnrae 
times tne number of jo in ts  and hence t h e :analysis may ea s i ly  involve  
th*» solution of h u n d r e d s  or even thousands of simultaneous equations.
It  is  not surpris ing,  therefore,  that the hand analysis  of diagonal
1  \ogride regarded to be extremely d i f f i c u l t .
An interest ing  feature in the analysis  of diagonal grids is  
tnat i f  the members have no tors iona1 r i g id i t y  then the number of  
unknowns in certain versions of botn f l e x i b i l i t y  and s t i f fn e s s  
methods of analysis  may be reduced to about a th ird .  In such oases,  
the d i f f i c u l t i e s  in the hand analysis  w i l l  be great ly  reduced and, 
therefore,  in the pre-computer days i t  was common practice to ignore 
the tors ional  r i g i d i t i e s  of the members regardless of the shapes of 
the cross -sect ions .  Another simplifying assumption employed in the 
analysis  was that the members nave in f in i t e ly  large  shearing r i g i d i t i e s .  
A number of tecnniques of analysis  incorporating the above two 
assumptions are described in [ / ] * ,  .18] , l 20 ] , [ 2 1 ]  and [22 j .
It  must be mentioned that the hand analysis  of diagonal grids ,  
even when the members were assumed to have no torsional and i n f i n i t e  
shearing r i g i d i t i e s ,  remained a d i f f i c u l t  task and very few structura l  
analysts had ever tr ied  i t .  In fact ,  the design of diagonal g r ids  
was uaually based on some sort of analogy vsee [7 «[<?*>] and [M j ]  ) .
•Numbers in square brackets re fe r  to the numbers in tne l i s t  of 
references given at the end o r the thesis .
 i _ L i ___
Nowadays, the s i t u a t i o n  is quit# d i f f e r e n t .  The l a b o r i o u s  task
computer and the structural ana^y^ts * r »  ab*e to tackle problems 
which are fa r  beyond the scope of hand computation. Furthermore, 
many techniques of structural analysis  have been reformulated to 
become su itab le  for automatic computation.
Vhen analysing a grid  by a computer, the most e f f ic ien t  
technique to be used is  the " standard s t i f fn e s s  method".• In this  
case, there w i l l  be l i t t l e  point in assuming that the members have 
zero tors ional and in f in i t e  shearing r i g i d i t i e s  because these 
assumptions w i l l  hardly have any e f fec t  on the required programming 
e f fo r t s  and the computation time and therefore one may as well 
consider the actual values o f  tors ional and shearing r i g i d i t i e s .
An important question in the pre-computer days was:
The answer to th is  question may s t i l l  be of  some interest  but a more 
relevant question to be asked today i s :
How do the changes in the tors ional and shearing  
properties of the members a f fec t  the internal  
forces and displacements and hence, for a given 
diagonal g r id ,  what are the best rat ios  between 
d i f fe ren t  r i g id i t i e s ?
•The ph r**<# " standard s t i f fn e s s  method" is used to r e fe r  to the 
modem formulation of the M s t i f fn e s s  methods" as, for instance* 
described in [17 j©
of lengthy numerical c o m p u t a t io n s  may be a or.# by an e l e c t r o n i c  d ig i t a l
I f  a diagonal grid  i s  analysed with the assumptiors
that the members have zero tors ional and in f in i t e
<A
shearing r i g i d i t i e s ,  how accurate the calculated  
values of internal forces and displacements <
This thesis nresents an •T',+ find come answers to the above 
questions.
I t  i s  t r be mi^ed t ’rst  t*,rt discussion of this section is more 
or less  a p p l i c a b l e  to any type o f  f A** gr 1 ani this w i l l  a lso be 
f und to be true for  m*nv other r*erte or t^e thesis .
Section 1-7. Past Research
The etudv ur the e f fe c t s  of torsional and shearing properties  
or the s t ress  d ist r ibut ion  and displacements of f la t  gr ids  is  a 
problem which in the pest has received l i t t l e  attention. The 
reason may be explained as fo l lows:
A thorough study of the problem involves the analysis  of a 
large number of  cases and this r e q u i r e s  * tremendous amount of  
numerical computation. Tt i s  understandable, therefore,  that in thrt 
pre-co«puter days the problem under consideration was n o t  a  popular 
research subject.  Even with a computer, the problem remains to he 
coooaratively d i f f i c u l t  and unrewarding. Consequently, during the 
short period of a v a i l a b i l i t y  of e lectronic  computers the problem, 
has not yet received much attention.
There are, nevertheless, a few inveetigators  who have challenged  
the problem and, e ither  bare handed or computer aided, have tr ied  to 
shed some l igh t  on the matter (see [ ? ] ,  [11 ] ,  Cl9],  [24 ]  and C?8l). The 
resu lts  of these invest igat ions contain some valuable information 
but they a r e  usual ly  based on comparison of the resu lts  of no more 
than two or three solved cases and hence are limited in scope.
Section 1-^. °a s ic  Defin it ions  and Relations
7*ic standard s t i f fn e s s  method of structural analysis  i s  used 
either  as a means for analysis  or as the background ' for discussion
in many parts of the thesis .  Tn this Hectior, a r i e f  description  
of the standard s t i f fn e s s  method 1« ussy, as a medium to introduce 
th* basic re la t ions ,  romenclature and notation used in the thesis .
This b r ie f  description of the standard s t i f fn e s s  method i= not 
intended to be a comprehensive introduction to the subject,  since 
such introduction* are inclu led in many textbooks for instance,  
aee C l7 ] ) .  The symbols are defined as they f i r s t  appear and, for  
ease of reference, a l i s t  of a l l  the symbols with the ir  descriptions  
i s  giver at the end of the thes is .  A K n o w l e d g e  of the fundementals 
of matrix algebra i s  presumed.
Consider a l in ea r  ske leta l  structure under a general system of  
loading. Let the terminals of  a typical aerooer b be at ioints i and 
j ( j > i l .  To each member of the structure we a l locate  a Cartesian  
coordinate system which i s  referred to as a "  member coordinate  
system” (o -x -y -z  in f i g .  1 - V 1 ) .  For the structure as «  whole we 
define a s ing le  Cartesian coordinate system which i s  referred to as 
the •' frame coordinate system" ( c *- x ' - v *- z ' in fim. l - z- l ' .
The actual external loads are replaced by a system o f  " equiv­
alent external loads "  which are applied only at jo in ts  and produce 
jo int displacements identica l  to those produced by the actual goad­
ing system. The structure i s  analysed for the equivalent external  
loading system but the resu lts  of the analysis  may then I *  e a s i ly  
modified to correspond to the actual loading system.
The components of the internal force at the ends i and j  o r 
member b, re la t ive  to the coordinate system of the member, form 
the elements of column vectors p . and p.^ which a r e  referred  to 
as " "ember end force vec to rs " .  The components o f  displacement 
at the ends i and j of member b, re la t iv e  to the coordinate system of 
the member, form the elements of column vectors d ^  and which
ar* referred to as •• member end displacement v e c to r s " .
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where f K l l ) . ,  K1 'I , K?1) ar.d are tne S t i f f n e s s  matrices"b b o b
of the member.
I t  can be shown that (see :17J »
( K11). =H K IT......................................... ...  1 - W ib c 0 b
<K1?) «-H w K ................................ l-*>-?bo b b
(K?l ) .=-K. hT ........................b D D
(K22) *K ................................ 1 -V Pdb b
where i «  the 'V qu i l ib r iu a  matrix" of the member and which
is  equal to (K2?) i s  re ferred  to as the "basic s t i f fn e s s  matrix"b
o f  the member.
Relations 1-5-1, r e la t ive  to the frame coordinate system, m«v 
be written in the fo l lowing form:
T h e  f o r c s - d i e p l a c e m e n t  r e l a t i o n s  f o r  # * » m o # r  b  a r e  w i v # n  b y :
p -CK l l ) b <li j -  K ^  b d n
p..-(K 21). d. .♦(K ??). d ........................ . -5 -5bj i  b i j  b j l
where
pi j * Tb f- i j ’ /  rTb di j   ........................ i - ' - * *
(K 11)  =? *K11)  T '  ( k ' i ? )  «T. ( K l ^ v  r  , 1 - r)-i*b
b b b b b b  b b
T. i s  the "transformation matrix" bv which vectors r e la t iv e  to the
b
coordinate system of member b are transformed to the frame 
coordinate system.
"ftie conditions o f  compatib i l ity ,  in general,  require that a l l  
the member ends connected to a jo int  have the same components of
displacement. Relations 1 -W 5 ,  considering the conditions of  
compatibi lity, wi l l  become:
p* M K 1 1 ) .  d + k ' i 2 ) ,  d' ..................................... ! - * -S a
*1J b i  b J
p' *( K' 21) d ' K 22) d ..................................... I-A-SbJ i  b l b 1
where d. and 1 are column vectors the e ements of which are tne
components of displacement of Joints i and j  re la t iv e  to the frame 
coordinate system. i ’ and d' are referred to as " jo int  d isp lace -  
ment vectore”.
The components of equivalent external loads at a jo int i ,  
re la t iv e  to the frame coordinate system, font the elements of a 
column vector w^  which i s  re ferred  to as a " jo int  ext^rral  load
vectc-r ".
The conditions o f  equilibrium at a jo int  i  require that
2 Pij= W i ................... U > b
wnere the summation extends over a l l  the member ends connected to
the jo in t .
Relations s im ila r  to 1 —V-6 may be written for  a l l  the oints  
of the structure g iving r i s e  to a system of simultaneous equations.
This system, a f te r  being modified to take account of the constrain­
ed degrees of freedom (see [17 ]  and [ ? 3 ] ) f may be represented by 
the following matri^ re la t ion :
K d=w ...............................l - * - 7
where d i s  the " d i s p l a c e m e n t  vector of the st ructure"  containing 
a l l  the jo int  displacement vectors, w i s  the "external load vector  
of the s t ructure"  containing a l l  the jo int  external load vectors  
and K i s  the "S t i f fn e ss  matrix of the s t ructu re "  which i s  composed 
of the s t i f fn e s s  matrices of a i l  the members. The contribution of  
a typica l  member b to the s t i f fn e s s  matrix of the structure is
Th* system of squat i ona represente<* / re la t  ion - -  m * • be 
solved to fir.d tn** joint di«r>'. aceaie , t *-. Krx wing tne toint d; *: i«ce  
ments, the internal forces »t the member ems an ne obtained from 
re la t ions  s im ilar  to l - A-b .
The above b r ie f  description of tne standard m f f n e s e  irwt iod 
i«* in the most general for® and q * t-o the analysis  o r any
L in e a r  s K e . e t a l  a t r u h tu r e .  The dim ensions o f  the  ve c to r^  sAd 
matrices and tne e1 ementa of these vectors and matrices* however, 
are d i f ferent  for d i f ferent  structures .
In th* case of flat /ri i h, th* ve tors associated with 
members ire of dimension tnree and the matrires associated with 
memoers ere of order tnree by th re e .  For h typical member m  a 
flat grid* the choice of member coordinate system and the r, ration 
b r different roraponents of force and displacement, as ised in this 
thesis, are shown in fig. 1 -*>-*•
An important st.e; in the analysis  of anv skeleta l  structure
is  the derivation of member s t if *n*ss matrices an1 tecnni iues or 
obtaining these matrices ***** described in l i r :^rent trxt iookv.
In the case of f l a t  g r ids ,  f o r  i ti light unirorrr * e «be r ,
:>as 1if* stiffness matrix is as shown in f h ’. I - - 1- 1 s*e •• ‘ t.«
to be n ted, however, that m  the derivation of this has tift 
ness matrix, the effect* of restraint of torsi on*, warning are r t 
taken in to  account ( t h i s  matter wi ; . be liacusse* in s e t ' o n  e -  
The otn*r t n r e e  member stiffness m a t r i c e s  may be obt*ir»« 1 ' r a m
t h e  nasic stiffness mstri x arid t n e  epiillbrium matrix ’ the 
member see relations i ths equtlibi strix k -r
o * | it grid i ?iv*rt In fig - - . ’ * * 1 "
f i g .  ] - < - *  which have not been * ready ae.fi** i /ire des.-r\ ‘"l ih
ta l.e
s h o w n  i n  f i g -  - *—  •
________________________________________________________________________________
I -
1
JJ
J i j f * Y
m v mj V 0, 0j
V» vj
t -Si
El
.  =6 - E I  
GAL2
K k =
«  Z' 1 + 0 5 koA AE I
0  V i + n , V T "
(  > A s E 1
\1 + 2k0/ ~ i r
( _ K _ ) 6 E i
\ l  + 2 k0 / L7
( ' V 2i
\ M T k 7 / “ T
12 E l  
T ~
FIG. 1-3-3
Hb=
0
-L
1
r c w .  - ■ r—  . mi..
CHAPTER TWO
ANALYTICAL WORK


— -------------------  j   ■ ■ - U . u i j . j i p m . h p h j . I I - i J - J . l i - -
_________ ______
plane of s y m m e t r y
PORTION TO 
BE A N A L Y S E D
f r a m e
c o o rd in a te
s y s te m
F I G . 2 - 2 - 2
c o n s t r a i  ned  
c o m p o n e n t s  
of r o t a t i o n
■■ ■ --
Read tnfor’TMfl ’r' Ahmjt topoii^.u rorVe *; es
g e o m e t r i c a l  n f n - p e r t i e s  <vf f ho mo **<~s # kx
o* the  j o '  id  i*, 11 R x t wr Td  1 ’ o,<.fis .tn ! rn  wm ’ »• -
I e a r  sp.t. h *  ir the  « r t f  t n « » * «  •»" !, tS ' •’ ‘
no } a c e  f o i  1 !>e rows  and t jr n » o' -s ? r>-
t he
f r . . j
f • » .
*
* » ‘ r *  1 .
1 : n* 1 '
:J
4
/
t
f o r m  t h e  w n l w r  h ’ i t nos«* r i d .  v r  ’ ‘ * v e  w‘ o r
Hr ds  c o n n e c t e d  t o  ♦ ho it  h 'Oi t ?.
i  p
f
f V|,vi t ’ ’ ft -’a, ni ♦» r s t i ♦ fn«s« h i * rw >»5 for the t >n« r ra i n t s | 
l: - -,’ ^ t  t h.ii in 1 mh s t i f f n e s s  w d r n ?  >rm * Mo e ’ ement <• •
! v  t  » » *  v h >  t o ’ r n f f n  ' S r i n r j i l i  t o  t h e  ’ t  h  r o t  n  *  *
l s ^
l.tT-’o r  t > i n 
thrt t o » a Vo .
f v» io> T s
Y e s
v,,] v*. r «r f ^ o oi •'* t d •, »o la-' omen t s . 
- ' U r j ; . *  t * tt di  flip! a< emon* v e c t o r  ' ,
,‘J
1 o >d«': o V '
;0 r memt+or st 3 f r ?,e vs ~ » r > < o h  and the id tM  d m n L w e
^  ri f v i » - . 1  f .* fnrc<*« a* ♦ he ends n : t to ae t  ; r -•<
m
i H  ted  f - t on *th n>i n t and nr  1 r ♦ i dem.
Pr »c t  * ht, d isp lacements of r he t '
I H V  ■  'fNH
. 1
■
' V o
I
l a r g e r  than  
to ta l  V , i
h'S
- o n t s
FIG. 2-2-3
____________________ ____________ _____________ _________________________
•rrr
V 1 f!
mt***
memperi
r i ’wt i n  t• a U 1 e < — r — . • m e  s i  wm* oI i h * # v3
° r 11 r  i i n ** i •» t. ’ ** f < . . ow in*? cor v,e I ’ i OflB :
h ) Hogging tending moment is  so^ 1 M v** 
h) Torque i s  posit ive  i f  it. causes 
o  move towards the o ther  end of the metroer 
c > An element of a .-*a/n under posit ive  
n the f <>1 lowing sketch.
ded screw
>o^rw«rd de 11 oi >OPl t I V © ,
►n a ; an
v r -e «  o f  ^err : e n
>n ano  an 
?t grids .
Oilt
_____________________________ _____________
Fixed Edge
FIG. 2-2-Aa P L A N  O Column
U. D..L. of in tens ity
area the
dotted pa rt.
FIG. 2-2-Ab
A  I
'-4
1_
__
__
__
__
__
__
_
J
* •  X " — al 4 •  I  4 1 • : •  ; x *
4 . t o  1 “  © J % 4 v> y  •
' I  • c  4 j 4 •  « 1 <* •  v l ~ 1
4 “  I  •  3 I  V ~  I S ft 1 ”  © a* •  X * 1 .  ? -
I • *  1 •  9  9 ( ~  I — 4  •  1 4 *" 3 < •  4  ) — 2
" •  * © ! -  1 4 •  j? A — # 4
4  •  7 j  ' ; t  O j ^ A X •  J •
— 3  •  4f 1 •  1 2 ** 2 -  4 •  0 I -  1 0 . 0 0 0 -
a# 5  •  O  y 3 '  * ~ 4  •  7 3
— 4 •  *  4
i J •  y  O  4 '  2 j > Q j  •  ^ 1 — 2 ~  *  •  • j “  X
— -  •  40 b “  I 3 •  3 •  V J -  I I  •  © y  7
4 I 7 . ^ 7 3 ”  2 — /  •  40 ^  I — 1 * 0 3 - 1
4 - I • y B 7
— j j •  x 3 A 3 •  y  - -  ©
4 I •  C  I  ] -  I — 4*^0 ** 2 4 •  4 A
4
"  X •  7 4  X -  X 3 * 3 9 ** 2 — 1 * 0 3 - 1 I  .  *  -  U
- - 9 • I 9 I — ; - 4*0 5 mm J -  5 *  3  0 — 3
“ * • 3  7 9 -  I 1 * 0 3 - 3 . 0 1 -  I
- 4 * 0 0 7 I  ft 0 / — 3 4  •  3 y — 3
t *y j  .  r o t -  I - 3  •  J O — 4 - 3 . 7 1 -  1 0 •  0 0 c -  <: 2
(j I a . 9 * 7 •  J k> • lo H — 2 J t  I — j
_  .3 * 1 3 5 I 3 * 3 *  j  J
1 O I  •  y  A 3 ^  I — I  •  /  I — 3 fc .  b  3 — j
ii I  © : •  70  1 -  I 5 *  3 *  3 — 3 •  ^ 4
I  0 — 1 * 1 9 4 *  I 4*00 — 3 c  .  0 9 1 * 1 3 7
4 1 * 2 0 3 *  I - 4*00 - 3 1 * 4 3 ~  I
■* “ X © 3  7 0 — J 3 * 5 9 — 3 X *9 7 — j
I * l - x •  J 3 6 — t — 3 * 9 4 — * 3  •  x 4
t -  1 5 5 — ^ - 7 * 3 5 -  ,; i  • V •  v 4 <
— 1 1 *
6 x .  1 70 — 2 1 * 67 — 3 “ ^ * 0 4
-  1 •  ft 2 6 ~  I 7 Jk J •  U ° — 3 ”” x •  3 5 I
i  9 " i *  3  3 y ~  I 3  •  7  & — 3 3 . 3 4 *  1
9 c>
fs c f j A  
*  _) r *ft j  •  _j — 3 © •  * -  I X •  — 4
y i  2 •  c 1 / *•  2 N ft v  v —* ak *  /  • . . .  j- _________ 1

------------------------------------------------------------------------------------------------------- ------ ------------------
tftji t ** r ' %
m i urr i n f  IP*
.
F 'V p  a  p & l  i ’ r ~ o t -  + n r  i . a  r  :T  u?**- -  •** 
>  ■-«■■-• -. r •
t
uflnng tfi>«
h '! i t ; . e r e :  ; e ,
r ? r ju i n /  * ' c  r*,t > r
a:
'■HLr, *
<7. .1 '
•Al
where tfc»* r-if 10 I is cons Iid * red  1 * fcr that f  • >r n r r r +* .
TO) V
be con'clud*-J, there fo r* ,  that k f r. o e 1
CTOS-- se c t i r
f ir T-i>*
V‘or an
where A inw
eque * * ♦
tab le
*0 10 e VA 1
for an h i f k A A  « : t  n ~  t a n g  i % t -  r
11k # : v t o  tie e v © r  more than  v. . . •
•>r r  ftaectiW* the vh m af * I *  approx I g**« a »' w
s  the area he web ■m, © v s ’ ue : k f o r  t i  • r«K e
k fo r  a - v 1 -  ^ c t. i r»r
TVir H re / 1 ’■ * ‘••e ; r t • s -* * Ff •
\
M'b fo r  B r i t is h  :lt at. ia rd  *■**»
_______ _______ _____________ ______________
--
--
--
--
--
--
--
--
--
--
--
--
--
--
--
--
--
a b l e : 2 3 2
I -  S f-  C T V N
■ m  :
t.
t  H  - r
• V c  ' * * ,  • ^ • I a . l - . 1 .  i *
.  ^ • i O  1 , « • o J • 5 c 2 • 1 « •
• 3 < ( O O  ' • ' A y .  W • © .  .1 , • J ■*
. • o o * J  '■ ' • 4 3 i A t *
1 . 4 -  4 x 1
a ; i • w o  • . ’ 0 * 0 • a • .9 I • ■ i
* I • ^ o k • • # - 1 4 • • f I  * - ■ %
.«» f  '
i . O - • v  N ft •
— f ; 3
: . • » • y  » , < , • V. - ; . ■ 1
• t o C • c • • -  9 -  I a • 4 1 • * 4
1 . ! i O  ‘  t • < • V.- 7 * 1 y © - 1 <• • 1 .  © ; i
« o < . 4 . o .  -  “ 4  ^ # ■ ■ *»- © .
• .j • C- 4 © • O 5 • 4 4 •
I 4 • o o  Y 8 . 0  < ’ 0 . 0 i  • I ! 0 4 * 0 1 ' -  i
: 4 .  o < * t • o • o , . v y -  X 2 ft . * -  1 : . . ’ .
I 4 • o c  * • o 4 '  .  o .
**» ▼ 2 • 9 -  1 1 • 4 -  *
•" J
I i 7 • o • c j  j  • t • 0 4 3 -  I - • : : r
— r : . - . .
r 3 • o o  x £ , • o I  .  J 4 0 0 4 • L 3 3 .  4 r '' -  I
: I  a . O O ' t • OX  ^ 4 .  O £ .  C 3 9 3 • i  £ © . -  i
1 3 * 0 0 * 0 • o f  4 4 * 0 9  • O 3 3 - 1 3 • '  4' • '
I: I 2 • OO * 7 .  c  * i  2 • O 0 . 9  7 - 1 ^ ft I A • -
I r I o • o o X  £ • OX j  • o 1 © 4 8  3 0 • j  4 0 -  1
t I D . O C  t • o  x 4 o • c 1 . 1 4 9 c 4 . 1  5 '' - . l i t
d  l O i O O ' j • o v j o . o 7 © 9 *  4 -  I • r > • • 4 „ ’t
i: > l. i  o  . o o >  4 • 5 * © j . O 7 • ^ G 3 “  I © m © 2 1 * 4 4 4
1
I i y t O O ' • C x j O . O O 1 . 3 1  j 0 • 4 J 4 - • A
■ «. y • OO 1 4 " o x * 1 . 0 0 7© i  2 7 - 1 © .  0 " i * m - i
w 5  # O O X L  . 0  * 3 5 . o o i • 3 - £ 0 4© a * 4.
I : 8 . o o  * : . C X -■ t . C O 1 .  0 1 0 • . .  .
L > b  £ • o  o  x ; • o  > I t  . o o 7 © 4 * 9 -  I * r .  1 ©
L : 7 . 0 0 * 4 ©0  X i t  .  o  o £ . 9 7 9 - 1 • ~ .) J •
: t  .  o c  * . o  * a .  o o I • O ; 4 0 • * I 1 • , 0  c "  1
v  x • c e  x 4 • . 0 . 0 0 .  y I -  I 3 • n - ; 1 * -  1 3
r 6  # o b ) i  • O A I • . o o £ • 3 7 ° - 1 i  • »• x 1
— T A. • /  vS ~  :
• o  o  * i • . 0 . 0 0 I • 3 0 ' 0 • © ft ~ t
.  :  o a 3 • 0  X I I  .  C O 1 * 0 1 5 3 • ' . 4 — J 14.  £ c  4 -  1
I : 4 • t  ! • -» r- 3 x 0  .  5 0 • o c - 1 .  .  5 .  .
— J I •
4 » c o ?  . OX. 1 0 . 0 0 I  . 0 ^ 4 0 • £ -  9 I • y J  4 -  1
4 . 0 0 *  I • ' 3 x 3 • 0  0 ( * C 2 2 - 1 3 • 3 £ 4
*” J 1 • © I f “ i
■ ■ 1 . o o » o o a £ .  v o I • 7 j 5 * - 7 4 © • 1
— t-
.  O O ' J * 5 0 * 4 * 0  c . • y -  I
-  1
u j  ■ .  o  ■ i . ; / 3 ' o . o <■ • 0  / -  I • • f J J 1 . 4  < © - r
; .  o y r f- j  * .  j  0  • 0 . 1 - 1 * • 4 1 * 4 , ©
• <j > i -  « 0  x 1 y 4 .  C ' • 0  -  c -  1 © • 1 , 0 - 1 V 1 ( 1 0 , * r
o  X 1 , 0 . 0 • 0 1 0 © • i ■- 4 — t * 1 * 1 0  4 ~  1
t ^  .  O X l al , o x : <.. . j .  n o - • 0 ^ 5 -  I i • O' 5 © - 1
___ ______________ ___
TABLE 2 3 2 rent
I - S f  C T 1 0 N
f t  H =* 3 r . , c l / H
• O i l .  , u  - • o . I • * • * U
J • O 1 I  I • i * I o • o • *  I — J - • ■ I . C 4
U •' O X I  O • 1 • • * 4 . — J £  « *- k. i • > ; *
O . o ’ I C . ,  I I  • O . 5 * 9  2 b ’ ^ • 4 “ 4 •
U : 2  7 • C X I O • O M  I ; • O J * I . 2 C
.. • 0 > I Ci • C 1 I C 4 • v 0 • 4 1 '
w.  /  7 . 0  I ( *(  9 4 . 0 c • -  y * t •+ m 2 0 I . .
. 4 . f y * ^ * U  i C • C t  .  4 j  7 -• 1 3 . 0 4 * i . 3
y 4 • 0 * I e * O ' I • O • O — j • ■ 1 •
c y 4 . O ■ 1  ^ • G I O O » G ’ • -• j • 1 •
2 4 • 0 C y 9 • < * y 4* Ov • • ,
— ♦
J • 4 / ■ • * ‘ 44
0;  <, j » c 0 1 y * u  1 1 4 • c v t  .  0 4 — j * • 3 * 9 1 • 2  ^ *(
2 4 • o O 1 1 • 1 • C t . 40 / — f 3 # j O  ? 1 • ;
I • O 1 I ' • O » I 4  ^ • C I . 0 0 9 0 • *x •
. : . 0 r i • 0  u  K  • 0 I . 0 2  .} 0 4 I . ■' c
1 s r • 0 v ! . 0 X 1 l  -  .  G I • O 1 j 3 *'  - . »
2 1 . 0 0  0 • 9  4 * -  1 2 . t. i
-0 J
* 1 • O 0 * • * \ * / 3 • • 7* • <5 — 1
% if * .-  . 4 - | *P*. |. •
1 2 I . J O 1 f ~ , 4 ' f* • O ‘ .  7 j  4 — j - A# 4 'J ^ : • * i i
- I  .  O O 1 » » 1 L ,  # Q . C 4 «■* j e » 1 . - * .
I  t • C O 4 7 • , 0 '• 1 1 ,  0 • 40  I ** i » • 4 1 •
v i I * O 0 > . o Q  o . Q 7 * 3 0 1 *“ 1 .  . 2 1 .
U . l K o O »  ; . ; O ^ J . O 7 - 1 4 3 - *"** t 1 . . 1 *
I* , O O l  7 * » 0  > 0 • 0 ? . 0 9 ^ — 1 2 • j  j  j ♦
U : 1 • 0 0 x 7 • 0 * 0 .  0 0 7 .  331 ** 1 u. • ;  1 1 4. •
I 1 t . GO*  ’ • 0 > 4 j . O O 7 . 3 0 0 — | 2  • 0 0 f 7 '* ,M * • » /
' I t  • 0 0 x  7 • o  x 4 0  • 0 0 7 • j  3 — I a .  ;  j  0 *
: i f . o o *  • a  * J  t . 0 0 ' , Q o — 2 = • 1 i . •» r
LB I 4 » u O v f i * 7 5 * 4 * • u 6 . 4  j —* j 3 * ^ 4 3
f < ^* * j  J 1
i  4 . 0 0 x t  . q T / . o t* • 1 7 3 — j 2 « .y  ^ « I . 0 1
I » OO 4 ' • ' j  1 3 4 • c> 7 .  y L  * — j 2 * - I : •
- l 4 . o o * ' .  7 \ x 3 0 . 0 :  • j  9  * •** j - • b C J : .  P
0  r. 1 * • u  0  7 0 • o ^ ? ' • 0 7  • j  4 4 — j 3 * 47 1 • i 7
I .  0  0 X < . 0 * 3 1 .  0 9  • ;  3 9 j • 4 4 1 I • ; '
l . 1 - « g 0 y • 5 0 ^ 7 . 0 y  • 0 3 8 — I :  * 3  -* - I • r * :
i i o * o o x  • 1 3 X *' 9 • o 9 * 7 9 7 — I 3 • - -  7 I  .  , 9
• » 1 0 * 0 0 X 7 * 7 j i * j  *0 9 .  7 b 0 -  j * j - X * •
J 1T  0 * 0 0 *  j  • . O .  49 p — j 3 • 1 — I I . be
f r  . O O K j . q *  J u . O O 9 .  6 f> 5 — j 3  • 3 5  y ** i 1 .  ■ :
d  i  . 0 0  < j  •  ^ 3 x I . • O0 .6 * 9 9  4 *• I I • ' 3 a
i ■ F ’ L5 » 4 * 0  O * I  i  x I 0 • G y t i i •  I j  • 3 '3 •  1 I • V O «-
r  F : s -  .  0 0 * 1 e x 1 7 0 . 0 1 • c f P O j  • 4 4 i . 9  61
t f  = *0  . O O  I 5 X I j  ; * G 1 . 0 9 0 O j  * 9 4 ’ * J • . u l  >
: h ! 1 7 . c  0 * 1 4 x 1 . . .  0 I •  (  v  c ‘ O 4 •  3 0 f e •  I  y
______________________ ___
TABLE 2 3 2 t.
I - b E C T I O N
r i I j o o u - M  I ( j . (
' 1 I ; . o o U  *» I o o » C  
I  4 . 0 O U + X 9 0 . C O  
I 4 . 0 0 / I  • > ? 4 . U O  
1 4 • o o x i 2 X 7 b  • o o
I .* f 1 . . o o u  ^ 9 1  ♦ c o
1 . . e o * i - > * 3 * o o
h F  B 1 i . c c x 1 3 > 7,8 . o c
: I .  ,OOX I jX 7 ^ . 00
* r b 1 a * c o n  * X 7 * * 0 0
. i L i o • 00> 1 o * o t , 0 0  
B i o . o c X i o >  j . 0 0  
L i o . o o X i o X  J . O O  
1 5 * o o X  2 . o X 43 .0 o 
B r £ 7 . 0 0 X  . 0  >  ^ 4 . c o
" . O v . / - . O U i . O O
. O x I . J > 1 . 5 0 0  
t . C O  y . O 1 * • 4 /
A b ] • j o * 1 • ) *  i 3 
AL 4 . 0  x I .  7 5 .x I  . 8  8  
At 4 • 00 r j • o Y 3 • X) 6
> i 11 ^  t
t . A ; 4 • 7 5 * 1  • 7 5 A ^  ^
! 0 A ■ . O O X ~ . O X 3 . 3 0
i . AL » 0 0 ‘ . • ) x j  » 5  ^
A B j . 0 0  * : • o x 4 • 0 >
rv L .  O O X j « i M » j ‘  
A*. C. « C O X 3 .  5 X \ ‘ f
At  1 ( o o  • c  ’  4 • i  4 
A : • 7 • 0 0 v • o * • j C
Al . 0 0 X 4 . 0 * 0 . 0 0
At 2 • G G Y 4 • J  ,  • 1
L . A: 6 . o o > * . c • 1 i . I
1 A L j . o o x 4 • o Y 7 * 9 3
A b 9 • 0  o > 4 • > x > • 1 o
O i I U « ' • J * * 0 . 3
r Ar.1 0 . 0 X 5 . 0 X1 1 
L 1A B I 1 . 0 X5 . 0 ' 1 -> • o 
A b 1 1 • o > 5 • 0 •' 1  ^• 
b A F J 3 . o 5*0X13 .  j 
L A L. 1 3 • o x 0 • o * 1 4 • ? 
B. At 1 -  .c  Y( • ox 1 C . 4 
b . A L  1 3 . o X" t » o x 1 7 • *
n 7
1.  - c 4 • a • 4 i
i . j 9 u 0 « O u * '  I - • ■* .
1 * j ’ > 4 • f - 4  ^ • 1
i • 40 ; 0 j • v' * 4
1 • 3 7 3 4 • * , c ' • *
1 • 4 7 j 0 1 1 ji . ! u
1 . 14 0 j .C O j 2 • # 0 4
I • 4 ‘ 0 >•- - 1 • . , jO
1 • js 4 • i  . , r 0
0 5 • 5 0 c - . 04
1 • . . • 10 3 3 • \ ' y
i . t- 0 5 0 5 • 7 7 9 - • -Ay
1 * 5 7 5 > V ~ * * • C < ■"
1 • 3?o 0 5.680  ^ . J 0 I
1 . j 1 0 0 V* 47 ' 1 3 . « 4
I • 435 0 5 • * 3 * * J 2 . 0/3
• 3 > 4 - 1 2 .640 T • ", 4 ,
1 * 3 7o 4 • * 3 1 2.51 c
f * 50 j — £ - • v 41 I . 1 , 4
• - — £ * • :  Y I •
1 . o r  j J . 6 afc * * 9 5 3
<■ • 7 19 — £ ^.440 1 • ; 4 -
c . i  7^ -  J 5 3 . 3 3 4 i . 1 3 5
* • * 4r — I 2 . 3 4y — X 1.147
0 • 0 1 : — j 3 . 8? 4 — I I * 4
9 . 4^0 — 2 j • 4 i I * 741
i .068 3 • 9 1 f 1 *9.V 9
l  . 9 4 3 — £ 3 . 500 I' .  2  ; 5
r • 107 — J 3.918 I .
i F^ *10 4 - 1 - • 40 — T : . - 3 t
t * 5 7 8 3 • 0 • r ■
. 2 .  ; 4 — i 1 . 410
7 . 0 9 3 -  2 * • j J -j  ^ I 5 . ; 0 3
y . 3 OO - £ 5 * 5 4  ^ — J 1 - 7
(■ .OI  ] — £ 3 • 1 t 5 1 . 1 c J
. • i ; 1 — £ -  I 1 * 3 5 4
5 • 9 * — £ 3 . 1 4 3 I • O -y
7 . 0 ' - — | 2*551 I *3 02
t . 5&e — 2 3 . j , * — 1 I . 3 I O
7 . 1 55 -  £ 2  • j 7 G -** J I • 5 I 4
6 . 1 6 7 — | 3 . -t « 0 X • I J ;
0.431 — j 3 . j 2 j —  J I . 1 ? I
; • 4 c 7 — 2 2 • c 9 5 1 • i 7 ;
8 .0 3 j i 3 .  c 8  c x • 4 ? j i —
_______________________________________________________________________________________


TA B L E 2 3-4
I - S F C ’ .' ON
( In ' )
© •  0  O X •  1 9  •  0 •  -  V
.  . O O  r  •  O *  •  U 4 •  © 0
l a O . O L  ‘ ’ . 3 X 8 9 .  V t •  c I  t
i  <i 0  •  c  0  1 (  •  1 •  0 5 .  9  0
r 1 : , o o b  •  0  x ' c. •  0 •  © /, ^
! I  •  O 0  .  O *  •  O . 4 0 a
x £ . v o » '  . 0 ’ ^ . • c © • 9 3 0
I  1 6* •  0  0  *  t  .  c > •  0 *  £  9  C
i l ' •  O 0  - ( •  O  X 4 *  .  0 4  •  j  *  0
; 1 ' .  O O y '  . 0 / 0 . © •  4 0
4 . O O * . 0 X 4 5 . 0 •  . 0 0  0
: 1 » u O  < ,  * 0 1 4 © . c I  .  ' y O
t t 4 * 0 0 X 8 . © X  ’ 0 . 0 0  .  4 5 0
I i  4 . 0 0 x 6 . o < 5 7 * 0 4 * * 1 0
I l  4 . 0 0 x 0  » 0 X  4 .  0 © •  ( O O
.i I > .  G O > . •  0  x J J •  O 1 . 3 5 0
. 1 * * 0 0 * 6 * 0 X 6 5 . 0 0 . 0  10
i I 2 . 0 0 ,f'.0 Y 4 4 * c
A I  d •  O  O  *  j . 0 * ] i « 0  
I  O  » O  O  *  " •  O  * j  j  •  L
I O • OO  x t * 0 X 4 0 * 0
i i I C . O O « ) . C *  j o . o
b i o . o o X  4 . 5 x 3 5 . 0  
b y  . 0 0 X 7 * 0 *  5 0 *  OO 
y . O o X  4 • O x 3 x . C O  
P. . 0 0 * 6 * 0 x 3 5 * 0 0  
8 • 0 0 X  5 . o x -  £ . 0 0  
b f . c o *  4 . o X 1 8 . 0 0  
b y . 0 0 x 4 . 0 x 1 1 . 0 0  
B 6 .  o o x . 0 X 3 5 . 0 0  
L 6 . o o x  4 • 5 x 2 0 * 0 0  
B 6 . 0 0 X 3 . 0 X  I  3 . 0 0  
5 . 0 0 *  4 * 5 X 3 0 . 0 0  
. 5 . 0 0 X 5 . 0 X 1 1 . 0 0  
1 4 . 7 5 * 1 * 7 5 x 0 . 5 0
4 . 0 0 * 3 * 0 X 1 0 * 0 0  
4 * 0 0 X 1 * 7 5 X 5 * 0 0  
3 . 0 0 x 3 . 0 0 x 8 * 5 0  
3 . 0 0 X r * 30 < 4 * 0 0
1*7 f
>S‘
i c'  
.3 h
© ---  - y____X.
3 c . 0 X 1 6 . 5 X 3 0 0 * 0  
3 c  . 0 x 1 0 . 5 x 3 5 0 . 0  
j o . o x i 3 . 0 X 1 9 4 . 0  
_> 0 . 0 X 1 3 .  0 X 1 7 0 . 0  
3 0 . 0 X 1 3 . 0 X 1 5 0 * 0
4 .  © j O
- . 4 0 0  
1 • 0 0 0  
4 .  1 50  
© • © 1 0  
1 • o  40
0 . £ 0 0  
3 . 9 3 0  
4 . 9 0 0  
1 . 8 0 0
1 • 0 S 0  
3 .  5 0 0  
3 . 0 0 0
. 4 0 0
.  5 0 0
• 9 0 0
• o 0 0
I • 8 0 0
7 . 0 0 0  
I  • t  0 0
3 . 0 0 0  
1 • j o o
3 . 0 0 0  
4* 476 
j  . 0 *  4 
a .  3 6 ^  
1 * 0 0 3  
1 * 0 7 5
c>
o
o
o
c
o
o
o 
o 
o 
c  
o 
o 
o 
o 
o 
o 
o 
- 1  
o 
“  1 
c
0
- 1 
- 1 
- 1 
- 1 
- 1  
- 1 
“  3  
- 1 
— 3  
- 1 
“  3
1 
I 
I  
1 
1
GJ.
E l
I . C * 
( • 2 0  
: . 1
1 • - 4 
» • i  "
I • n
- • © I
3 . 4 9 3
1 . 5 0 1  
I  .  5< ;
1 . 5 1 7  
7 • ©° _ 
i • c 3 ’
I  •  9 y 9
1 • t 9 < 
4 * 7 / 1
4 * 3 3 °
3  .  9 I  4 
1 * 7 4 0
5* 5^9 
4 . 1  30
^ • 7 3 5  
© •  1 j  •
* 2 44
2 * 3 2 j 
o * c i  7
4 •  , 1
3 . 4 :  o 
© • 9 © o
6 * 2 . 5
0 . 0 9 4
5 . 4 6 3  
1 . 0 1 4
5 • o  o I  
4 •  c  0 0  
" • 9 0 0
3 * 1 5 3
1 * 3 1 ©
V iLli-
9 . 9 9 4
7 . 9 4 0
7 . 5 a?
• 6 9
4 . 5 * 6
*- • 0 4 f
r . r 4 """ a
. . . »  • ^ ~ 4
-  ■ 3  * ' 4 ~ ©*
1 . *
1 .  0 1 ©
d 1 *
1 •  :  0  0
—  > 3 . 5 / 0 ♦
3  .  ;  1 0 “ * A
-  2 1 • A
“  j • 0  ©  c -  3
— T •; • © a 7 -  i
© •
“  3 1 . —
• •
4 •  O i 9 ~ ©
d 3  .  5 4 • —  ©
—  ? 3 • c ©  4 ~  •
-  5 . 0 1 -  2
t . -
— ' * J * <*
A • J 4 © — A
3 2 • i  9 5 ~ a.
j  • 1 y 1 -  3
-  3 7 * 9 3 4 ©k
5 • ) I  6 A
“  •
— 9 •  j  y  1
4 * b j  y ”  •
I  * —  3
. . l i i ________
09 53
©  .  c  3  ©
1 • o 9
1 . 0 * f
a » e  1 .
—TABLE 2 3 A cont
p \
(3 _n■J
: E. 1
I S E C T I O N
d K )
/  r  j
(  l  ‘-i - 3 )
: .  o ; 1 1 . 3 x 1 5 2 . c 1 • , 1 ' 1 % 2. *T- B f 1 . : * *
*"* w.
B  j  1 . 0 x 1 1 • x i  3 0 * 0 7 .  , 0 0 4 • j  • . * • > ' * A
*•'4 j  O • 0 1 I  O • J * 1 J - • O 1 . 0  j  . 1 f  .  y : J . :
C • O ‘ I O • j 1 I I ’ • c • 0 5 • 3 5 v •
! -  « 0 x 1 0 * o * I I 4 • O ? • 0 t 0 0 / • 4  ^ ' — 4 .
. ;  ; » u »  i o » o u o i « 5 . 0  40 0 f . c i  9 2 * * O 4t<
V' 2 , •• I C • O 9 4 . 0 0 4 • i  . 0 0 . • 1 2 1 ~ 4 I . 2
2 4 • c : : • < 1'  0 • c 2 « 0 0 4 4 I • J 4 ' • * B
' 2 4 * 0 * 1 2 . 0 * 1 2 0 . 0 6 .  /  40 0 9 * 35-1 •  4 . 4 4 1 ""3
’ 1«. » 4 .  (j  * I .  • O X I O O # o j  • -  40 0 • < 4 -  4 ** •
.  4 • > 0 • . . oj >^  ( « o o i .  C- o 0 7 * > 9 9 ~ 4 I . ' 2
< = . 2 4 * 0 0  y • O 4 . 0 0 3 • * S 0 0 0 . 4 ~ 4 1 • 5 2
~ 2
U 4 . a 0 q . 0 P .  . 0 0 2 .  “ y C 0 ,> • > c  “ : • * “ e *
a ! . c ■ i • 0 > 1 4 • c x • 5 2 , 1 I . 2 j • f * :{
3 1 . 0 ' I  • 0 x 1 * 7 * 0 1 . 0 9  7 X X • j  9 £ • y C ** A
v . - I • V X I .  O ' I I  * . 0 7 * 5 ? ° 0 i • i : i
— . J . £  I 7 -  J
V v 2 1 • 0 0 a C • 2 < x < - • O 4 . 0 5 0 0
... - 1«9 • / '  j "  4 1 * 5 * 3
: 21 . c c  P  .  • j  X 7 * 0 3 * 2 3 0 0 ».  7 h  ?1 * 1  j “  4 1 . 4 / *
BB 2 1 • 0 0  x <c • * x fe <8 • 0 2 • t 2 U u t • 1 1 ; ~ 4 X * 4 4 4
- I  . C O ’T  .  2 ' < U  , c 1 . 9 7 0 0 5 . 7 * 1 “  4 1 . 4 0 5
I B  1 c • 0  Q x 7 • 7 0  X b 6 # 0 3 . i 40 O 1 • 1 0 1 j I • 4 ,
i .  0 0 * .  0 * t  0 * 0 2 • 4 0 0 c 9 * i ^ i ~  4 I • c L
r< , o o v ,  • 1 0 * 3  j * o 1 . 7 ^ 0 0 7 • c 9 3 4 I . f f *
i i  . u o 1 “ q o '  - o  . 0
I . r c  . 0 1  ' 0 . 0 0
1 . 3 4 0
X . 0 2 0
0
0
L • 43  ' 
9 • 5 0  7
~ 4
“  4
I • 2 c
I . P P  4
m
+
I f • 0 0  * • 0 * 4 ,  . 0 0 I . X 9 0 0 ; .  1 4 7 “  4 i  . c  ;  7 ** i
i t p * 0 0  * • 0 1 4 0 * 0 0 6 .  0 0 — 1 • 3  4 - ~  4 1 . 7  9 ^
1 1 f * o o *  • O'* y  • O O j  .  9 0 0 — I 5 . 0 8 •  4 1 - 7 1 * -  2
L : i 4 • 0 0  x f • 7 j  x 4 5 • O I . 4 4 O 1 . 1 j 2 . j, 2 j
— 0
i J 4 • c  0  * * . 5 %  *' *  O € • 0 0 c- — I '■ • 5 “ - ~ 4 0 * * 5 1
of  1 4 • 0 0  * r • )  M  4 • 0 c • 1 0 0 — I r .  9 1  i " 4 - • : 7 ' -  2
v/: 1 4 • 0 0 * * .  '  j  j  O » 0 4 . 1 0 0 — 1 5 * 4 4 2 "  4 2 . o f  U -  2
.<!' I * . O O l O  .  . 0 9 . 0 0 0 ** J 1 • *  3 3
'mm*'- 7 * • y O X 
2 •
rr 2
I . . c o b  . ^ 0 * 3 1 * 0 . 0 0 0 — J 9 * 1 5  7 4
I ^ . O O P  • J 0  X *  / • 0 3 . 9 0 0 — I 7 * 2  4 ^ ~ 4
— ^
LB 1 0 • 0 0 x 5 * 1 3 < 2 9 • 0 O . W O O — J 1 • 5 1 ”  5 • 40.3
"  1 0 . 0 0 x 5 . 7 3 x 2 5 . 0 4 • OOO — I 1 . 1  5 5 .> • 1 7 ~ 2
B : 1 0 . 0 0 x 1 . 7 5 x 2 1  • 0 -  .  3 0 0 — 1 1 .  2 2 "  4 3 . 1  4
U i f c . o o *  . q u o . o o -  .  3 0 0 — 1 1 . 2 7 F 4 • 2 46
~  2
P . c o  * . q x i ; . o o I B » u o — J X . Q ^ I 4 • I O _
: F B  2 4 ,  0 0 >  I  •  X I  t- 5 • O 2 . . .  -  O I i • , 2 .  9 >0 *
1;  ; 2 2 . 0 0 x 1 2 x 1 5 0 . 0 . . 0 5 2 I 2 • 0 9  5 3 * 2 1 3 — 4
B f L  2 0  . c o  * 1 2 x 1 5 5 . 0 i u j y I 2 . X  e l
— ■ 4 .  2 0 1
‘ F b i S . o o * 1 3 X i a . . o 1 . 2 4 1 I 0 . 2 6 4 -  1  ^ • 2 5 1
_________________ ______________________________ _________________
—T A B L E  2 - 3  A c o n t .
I - S E C T I O N
J
( I N -  )
C i  ] '  
' E l
G J '- r  1 |
I l  / H -  3 )
, 1 L I t  . OO X I 2  »  I I G • C 9 .  /  1 1 0 * • 4 ' 3
i ' * ii i  4 * o o / i 2 < 2 0 0  * 0 ? •  7 }  j G 2 • 14 * •
t I  A • O O X I 2 < y O . C O 5 • J 2 G O - . 3 1 * J  ‘
t - H  I 4 . 0 0 *  I 2 * 4 • G G 4 * 4 5 7 O I * ’ . - 8 4 ~  2 ;
: : I: I  4 • GO X I -  > 8 . 0 0 5 .  41 0 I * ' 4 • * /
X
t t !'  I . .  Q C X I -  J  I .  OO V * *8 8 G j * j I « » L C
i i  . • o  o ‘ I 2 A 8 j  • O O 4 * 9 *“ O - • f -  5 • • • c  » - 1  i
: F 1 I  a • b o  x I 2 x ; “ . g o 3 * 9 °  0 O - • 4 1 ; . i -  I
. r 2 . • O O X 1 3 X j  • G O .) • 4 - 0 0 3 . 3 - 5 ~ J r . 2 4 ~ 2
fcf I . • o O /  1 2 > J  . O O • OO- 1 * 9 3 1 i . i .
— T
: i ' I C • OO X I o  X f < . 0 0 j  • J 0 ' O 3 • / o  7 2 .  - 1 ~ I
2 C • O 0 1 1 o  *• . J • OO . * 0 3 6 5 • 4 2 . i  .  - -  y ~  1
. I O . C O ' l o * _ + * o o I .  I 9 O 2 . 4 1 4 5 i  • x 5 < ~ I
L r r .  e o v v . c  < 4 ^ * 0 0 I * 7 4 4 O 4 . 3 b  F -  ? 2 . 2 5 5 -  I
O * j  4 * 0 0 9 • 9 3 j -  I 4 . 3 3 0 I  .  •* 4 * “ I
; 0 .  c-c <k . u  *  a j  .  C G j  • 4 j  f -  I 4 * 41 1 2 . - 3 6 ~ i
1 . c * I . 5 • i . ; , o o - * 6 j  O — 3 5 . ( 8 - ~ i 3 .  3 ^ *
A • c o / .  o * ~ .  4 7 4 . 9 - O -  2 5 . 0 9 1 X .  2 2 7 -  I ■ j
A- • ' O M . ’ 2 . 3 2 . 7 49 -  2 } • O <■ V. — 7 3 . 3 4 1 ** 2 i
• L 4 * o * I 7 ,  6 2 • d 8 J . 2 0 0 -  2 3 • 0 6  2 2 . 5 1 7 “ *
A  i  \  .  G o Y 1 * O X * • - b j . I  | C “  - j . o ?  7 t  .  5 0 7 ~ * ;
4 • o * <J « O X 4 * I J 3 • 6 3 0 -  2 -  .  3 c ' * • * i  4
a.
4  • i • ? 5 X -  • 8 9 . 1 1 0 4 . 3 5 7 i  . 9  ' 3
f .  . j  k , o O X . O J  • * ( 3 • 7 9 ° -  2 1 . 9 2 3 I • ' G
A.  • OO * » • x • j I .  — 4 6 -  I 5 * 8 8 5 i  * 2 1 - ** Y
A b .  o o x • OX 4 • o 5 1 . 4 / 0 ~  2 3 . 0 9 3 4 * 4 5 ' ”* X
A . . o c  • ,  • J  * 4 • 5 2 1 . 0 9 0 -  I 3 . 8 9 0 • )
^ X
• GO* * * j  ■ ] • ' k I . j O O ~ I 2 . ' 42 - . 2 0 0
-  jj
A : ' . c  o * • o * 4 • 2 I . j  * O “  I 2 . ' 40 ~ 3 3 . y 40
A .  o o a j . u X  j .  j O - • 5 9 O “  1 * • \  j  & - . — O 9 ** X
A . / . o o * 4 * o * r • O O i * 3 i o “  I *  • 4 3 . 7 8 0 -  <2
i A;  8 , c c < 4 • G ‘ • 9 6 3 • 41 0 -  I 2 . c 1 ■* * * y j -  A
i A i :  3 • o o x 4 • 5 /  9 • 1 < 0 . 8 5 0 ~ I 3 * 2 6  y j  * -  j  9 *
h i  A I  b  • o ox
I j  . A b < j  • OG Y
* C X 2 1 • 1 
4 • o  x 7 * 9 3
1 * 1 1 9
4 * 3 7 0
O
“ I
4 * * 4 9  
I .  9 c j
4 • , — 0
- . 1 2  j
i  ? |
- 2
u v ‘ f*i t  y • o o x 4 « j  T y • < o j  * 9  40 ”  I 2 .  a 2 : - 2 .  12 O < * 2
b h  A B j  o .  o X 4 * 5 X 2 0 * 2 7 .  4 - 0 -  1 2 . 1 1 3 - 5 2 . 1 9 5
B A b x o • o x 5 . 0 / 1 1 * 5 9 . 0 8 0 ~  2 2 .  5 4 4 2 .  ‘ I y -  2
n S A B i i . o x 5 * 0 < 2 2 • 0 9 . 9 0 0 “  I 1 . y 3 . *  | “*■ x -
b S A : • I i . o * 5 * 0  x 2 2 . 7 1 . 2 0 3 0 2 . 2 / a  ^ • O
b A  b x 2 • G X • O X l  3 * 5 1 . 0 2 4 O 1 .  f 1 7 I 4 f
5 /  At  I 3 • c  >' ' * 0 x 2 4 * 8 2 . 3 9 9 O 1 • r j  - 2 . f : -
£3 A ; I  2 • o * t • 0 x 1 0 * 4 1 • 9 j  2 O 2 . 2 3  2 3 .  J  4 -
r S A B i 2  . o x t . OX 2 7 • 2 2 * i i  5 O 3 • 4 5 2 .  y J  ------- ---
-  ^
______ _________ __ ___ ___
from the fo i l  owing sources:
a )  Torsion constants for  B r i t i sh  Stardard n - v  been
obtained by Cassis and Dobie and t v  rcru ts given in re 'ereir 'e
[6].
b) Torsion constants of a l l  H rb ian  iU ^ d a rd  A1 uminiua Beams 
nave been found by Cullimore and Pugs ey and are g*ven in re^e-eo 'e
cii#
c) Universal Beams are s im ilar  to American I -sect ions  
(Bethlehem rfide Flange Sermons) for which the va ’ ues of J can 0- 
found i n  d i f fe ren t  handbooks ( f o r  instance, see f.l
d> For Broad Flange Beams no information regarding the tors ion­
al properties could be found and the values of J were evaluated.
The method used was that suggested by l.yse and Johnston see V] , 
which is based on an empirical formula given in f i g .  / - W .  
formula was used in a computer programme by which torsion constants 
i f  a i l  ; .F. Beams w e r e  ca lculated. The formula is believed to give 
r e l i a b le  resu lts  provided that the f lange* are pars! el sided and 
the ra t io  of  web to f l a n g e  thickr.eas is not greater than < For
.F. earns, the f i r s t  condition Is always true and the second is  
almost a I wavs s a t i s f i e d .  it i s ,  therefore ,  hoped that the values  
of J for H.F. Beams given in tab le  <- W *  are r e l i a b . e .
The third Column of table  ? - W *  contains trie ra t io s  of Vi KI ,
where the values of T are obtained from standard tab les  and v"i
f or steel and aluminium are taken from table . -  ’■ •
On examining the va 'ues of V ' - l ,  it becomes c lear  that, ir 
general, the torsion coeff  icterus of I-sect. ions «* r# much sms > r  
than those of so l id  rectangular a c t io n s .  >. t -S1 -x x . has 
the maximum v »lue of  1J/FI eiua. to • * wun. ~in*es nal ^er
than th#t for a square sol id  c r -  s s - * * e o t ’ .,r .
Effects of Restraint of nor<*ionai Warning
Bbe evaluation of torsion r .^ tn rN  f-r both r-ctan^ ■ »r and
  ._____
t h e  a s s u T V  ♦ i  
■ w e v e r ,
' ^ e c t i  one in the above dingus-* ion vhs b » « i  
that the and c r o s s - * * ' t ions ran war? f r ^ ' .  . 
hard • y ever the case. *"he nerrbsrs f -  - t. ' int*
and natura l ly  the and c ross -^ect io rs  w*rr V .
ir.g i c  not* o f  course, complete . y  c< n n t r a  n e d  : u t  U  •• I c j t c . *  
restra int c*nnot t»# e a s i ly  estime’ ed.
?0r « b o H I  rectangular section t. he change in the tor iion»l  
ri.ri .llt;;  dn« to wsrpln* res tra in t  i s  n«t « j  p r - c i s * '  a i »a; «
ignored a ltogether  (see OT.-Y. fhe e f fec ts  of -arpir. ’ restra int  
or. 1- sect ions ,  however, may b-  important an: sanr-t br d- > 1.
For an T-section in the moat, c r i t i c a l  case (i.e., * - n  both man of 
tn# member are completely restrained f ro .  werp-nf '  the ant*le of  
twist ,  from ?>ro to L, i s  approximate y viv-n bv:
,, a £k (1 -  a tanb a 1
1
where
?FI ■*
„ _ ii ( a» s^ t ,he toroue, h is the distance
" I GJ
b e t w e e n  the c e n t r a  l i n e s  of the fiances, I 1.  the second moment of
area of o n e  f l a n g e  about the ve rt ica l  can*re l i n e  of the croea-  
section and t: e rest ar the terms have tbe i r  usual meaninv ( s e . D  ■ •
Co.paring t h e  above re la t ion  with the c o r r e s p o n d i n g  one for  
pure torsion ( i . e . ,  T • TLAjJ) ,  i t  appears that as though the to rs -  
ion c o n s t a n t  of the «ect:on la
- U - l
J. ,T(X -  a t«nh a
Th*t. i s ,  \r the torsion constant i s  taken to he , r it ,* *r  than J, 
t.he e f fe c ts  of war pins r e s t r i c t  will  automatically be taker into
account*
The values of  C,Jy / ' t l  corresponding to l./F * ’ ’ or a l l  commonly
used T-sections w»re evaluated bv »  comnuter nrouramme and are civen 
in the la s t  column of table  It car be seen that the tors ion ­
al rifcidity of an T-sectior. , when the warrior of the end cross -
____ __________
s»eti**n« or* restra  vn*d. t -  much t r «  t ra t  -her t -  warping
ifl to tak* p l a 'c .  Neverth.l  * * * ,  even tne warping i s
considered to be c « . n l # f l y  cone4 r a i - M  .oo -'•• ha- ’ ‘nusuetly 
low value of 1, th* -stlOS , / FT e-mail r e l a t iv e ly  small <tn- 
maximum value o f  Cn^/EI corresponds to W .k 'x < *  ’ • ’ ’
0.1?SS).
Summarizing the result. - o f  f  • discussion, the vh ' i m  r t Q
and k sr*  bounded bv the following’ l im its ,  
o
'  k s\ .bn
I-sect. ions
rectangul ar 
sect ten"
or, in genera l ,
warring i s  f r ^  to ts^e place, % ^  *rl  
warping is  fu l ly  constrained, .
k. <*.1*
o
t *'.7*o
k <1 . B o
t <*0.7^
o
An important Point emerging from the study of this **otxor, I s  
that the high values of t Q and kQ, for pract ica l  types of memters, 
are never co-incident. That i s ,  a m-mber with a high value o '  t Q 
has a low v a l u e  of kp and v ie*  versa. For th is  reason, in tne 
fo llowing materia l ,  the e f fe c t s  of  torsional and shearing - ig i< i i »x *s  
are studied separate ly .  That i s ,  when the e f fe c t s  of tors ional  
(shearing )  r i g i d i t i e s  are under consideration, the va^ue of kQ U o >
i s  assumed to b" z «ro  for  n i l  the members.
Section Analyt ica l  Results
This section i s  concerned with the presentation of the resu lts  
of analysis  of  a 'arp** number of diagonal g r ids .
The grid layouts, boundary conditions and types o r external
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♦ r. C- ~ i t. ; >r.loading were selected with O M r . j -  wria 
of the ca*** considered with an attempt t o  % M f v  'he c h o i c e .
Firnt of a l l ,  i t  was necessary to select » - ;mt *»r of commonly 
used grid layouts and the question was whether tc choose the syouts 
to have various shapes o '  boundaries or to concentrate u a s ingle  
family of boundary shapes. The danger of adopting the former was 
that i t  could have resulted in a number of i s o la 'ed  p i -ces  of 
information with the general patterns of behaviour r-maining 
obscure; and the disadvantage of the la t te r  suggestion was that the 
scope of the work would nave neen made limited. It. was, however, 
preferred to adopt the second suggestion; whereby to obtain more 
r e l i a b l e  information about a s ingle  family of gr ids rather than 
having scattered pieces of  information connected together by guess­
work. The family of g r ids  chosen for  the invest igat ion  were Hag - 
al g r ids  with square boundaries, which are known to be very much 
used in practice. Five such layouts were selected and are shown in
f ig *  2-4-1.
Sach one of the layouts was to be analysed with a number of  
v&rious boundary conditions and between many d i f fe ren t  p o s s i b i l i t ­
i e s  the fo l lowing four types were selected:
a )  The grid  ia  completely fixed a l l  round the boundary.
This tvpe of boundary condition w i l l  hereafter  be referred to
by the l a t t e r  A.
b) A l l  the boundary jo in ts  are knife edged p a ra l le l  to the
boundary l in e .  This type of boundarv condition w i l l  hereafter  be
referred  to by the l e t t e r  B.
c) A l l  the jo in ts  on the boundary lines are restr ic ted  'rom
translat ion  but can rotate f re e ly .  This type of boundary condit­
ion w i l l  hereafter  be re fe rred  to by the l e t t e r  1.
d ) The four corner jo in ts  are restr ic ted  from translat ion
but can rotate f r e e ly .  This type of boundary condition w i l l  here-
THE 
LAYOUTS
<* IS  E Q U A L  TO A5*.
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(A,n,f! and D . *  described e a r l i e r ;  an 1 eac one <f 'he r - s u l ' i n r  
twenty grids a n a l y s e d  fo*  two tyres - f  * * ' •  rnal loading (V and
p a" explained Above .
:n practice ,  usual ly ,  a diagonal grid has members of th- same
cross-sect ion and therefore i t  was decided that a 1 the grids
considered should have this  property.
?he PHse«  are i d e n t i f i e d  by c a s e  n u m b e r ,  o f  the form a -b -c ,  
where a is  the layout No. as shown in f i g .  J—.-i , o denotes
type cf  the boundary condition and c g iv - s  the type of th- e x te rn .2
loading. For example, J-A-P I s  the case No. for  a grid with a 
sonfignr*Mon s im ilar  to layout No. p, f ixed a l l  round the boundary 
and under S central concentrated vert ica l  load. Bach one of 'he  
above mentioned forty cases was analysed for seven d i f fe rent  modes, 
the variations being in the tors ional and shearing properties of 
the members only. These seven modes correspond to the values o '
♦ nrsKn and shear coe f f ic ien ts  given below:
I t o -
o .c and ko
= 0.0
? ' t o =
o.?s and ko
= 0.0
-* > > . t.o
ss c . co and ko
=» 0.0
o f 0
a 0.7? and ko = C .0
5) t o
=■ 0.0 and ko * o . c>
6) t 0
z o .c and ko
=: 1.0
7) t o
= t .0 and ko « l.5»
These va1ues of tO and ko
section ? -%
n  i s  to be noted that tne values of kp giv-r. above are tor 
diagonal members only and for  the boundary members the values snould
b* halved <k i s  i n v e r s e l y  proportional to the square o' 'he Length 
of the member • As fa r  * *  tne coe f f ic ient  1* concerned, i t
would be dependent on the length of the member provided that th-  
wsrping i s  constrained. Th* e f fec t  of w»rpirt* res t ra in t ,  however, 
i s  appreciable only i f  the members are T-sections for  wh oh trie 
torsion co e f f i c ie n t *  are normally very vnal 1 (see section 
was, therefore, assume tl at ‘ or each grid tne « rv* f  f i * i n   ^ i- 
the same for  a l l  the members.
The programme d e s c r i b e d  in section ©as used ^  anaiys-
a l l  the case* and the resu l t *  a r e  shown in f i g s .  ? -h - ‘ to , -u-uh.  
Each one of tnese f igures  retirements tne resu lts  of analysis o<* a 
grid for a l l  the s e v en  v a r i a t i o n s  of torsional and shearing proper­
t i e s .  Tn addition to the case No. given Ln each one of the f igu res ,  
there i s  a small sketch in th* bottom l e f t  corner which i l l u s t r a t e s  
the layout, the boundary condition and the tvne of loaum-  
r a e e  under consideration. The legend used in these sketches i s
described in fift. . - a —. •
Tn a l l  the cases considered, th* grid has tour planes 
syraietrv and i t  i s  .nouch to .how the resu lts  for  only .£) ' of the 
structure. Therefore, .11 the b .n i in *  non.nts, shear’ nr forces,  
d e f e c t i o n s  end torques in f i g s .  ?-<♦-? to are r 'o f  ted for
(t/ 6 o f  the arid only. The sirn conventions and tne an! r-vi  ations  
used in these j ’ avrans a r e  explained in f i g *  '• : «*ndinv
moc-ent, ah-erinc force and def lect ion  diagrams are drawn for the
following three mode*:
0.0 and k ~ 0.0 ( ^a> t  ----  —
o °
b'. t = 0*?r> and k 3 O.o
o o
c '> t = r .0 and k * 7.TC  -------------------------------------
o o
whore the s ty le s  of  Line sh 'WT in brackets represent the correspond 
ing mo d es  in the diagrams, '"be torque diagrams are only drawn rnr
________________________________________
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ft. = 0.75 m i k = < . 0 v. >  d5f.r-r.nt .odes i*  i to ** ir  
o
wether hecir.s. otherwise they — 0 1 -ot b- mpar-d e a s i ly .
The reasons f - r  omitting trt» curves •crresron-iin • to the - l i te r -  
mediate modes w * ^ :
1) Th* diagrsr.s would have become obscure an' vindu • j  c ^ . m  -  
raf e<l.
Tn a l l  the cases .ibn^ide^ed tf tt changes in f components 
of bending moment, iv e«rir»g 'o r * * ,  . an a i
etu- to - change i r  th» coe f f ic ien t  t ft or k(> - r e  usual ly  Stic!, •:=.»
i f  an ir c r e a s e  in a coef f ic ient  caused at i -c rease  in a roiru-on-n* 
then S further increase in the e W f i o i - n t  Produced •, further in-  
rrease in toe component .nd 7 f an increa-e ir, a coe f f ic ien t  caua-d 
a decrease in a oomponet t t ,en « further increase in the coe f f ic ien t  
produced a further decrease in the component. Du- to this  property,  
t h e  diagrams for t.h» i n t e r m e d i a t e  modes wi 5 lie  between those of the 
l im it ing  modes considered ard, therefore , there was l i t t l e  point in 
showing th* r"rv*»s for a ll  th* *ev(*n modes.
Tf in anv nor* of th» diagrams the curve representing the mode
. _ C 7 ,nd k -  O.O7' i s  rot shown i t  means that, wittiir to*
a o
accuracy of the drawin,-, the curve im coincident with th .  one corres-
ponding to the basic moie <t„ = 0.0 end kQ = 0 .0 )  and the sate
a -u l in s  to the mode (t  »  0 . 0  and k = 1.51. I f ,  on the other hand,
o
the curves representing the modes -  1 *7‘ an-1- = ' •'
_ - j  :H k « i . c i  , r f  coincident but are distinguishable fro.. 
th3 : ,si ■ the l in t  representing the curves alptig the m-mb-r
is drawn half  in fu l l  M r -  »n< ha lf  in l r * « i  l i '7- -
To ease the comparison between d if ferent  cases t ,e =cs.ea < f
tne diagrams w e r e  kept const.an’ as fur -*s s.b*
fr>un
n e c t a r y ,  hcw,v*r, tn have four d i f fe ren t  b w I ^ I  the** mr* rh-wn 
in f ig *  ? -4—g and th* scale  N°* .  r e f e r r a l  to ir. * * •
44 ar^ corresponding hhone given iri trus f i v i r * .
_________________________ _____ ___ ______ __________
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q IS THE IN T E N S IT Y  OF THE U N IF O R M L Y  D I S T R I B U T E D  
E X T E R N A L  LOAD IN  TERMS OF un,t <orcy u nit a rea  .
Q IS THE M A G N I T U D E  OF THE C E N T R A L  C O N C E N T R A T E D  
E X T E R N A L  LOAD IN  T E R M S  OF un.t force .
E l  IS THE F L E X U R A L  R I G I D I T Y  OF THE M E M B E R S  IN  
T E R M S  OF unit  force x unit area  . 
t0 IS THE LENG TH OF ONE S I D E  OF THE C-RID I N  
TE RM S OF unit leng th  .
FIG. 2-A-A
*n th e  r i g h t  hand t; - -n » r  -  ' '
to  , W . U  h . r .  i s  ■• "h o w - . * - "s.-e r-
co m p o n e n ts  o f  b e n d "  '  mome-d , ■ • r  • •'■-<'• and
^  w.:>> I * , * !  • :.- ’ ■■ ■ • ’ ' '
ft f o r t“ »n d ir  »T r.
d 4’« r r !« f  1 r o t  io n
K f  o r fir ♦“ ' K n B  f  'rr**
c v stp, ♦ r.4 r ,.vaV ws.a.-, i n  f »n  1 \n*» ona * °
r and th e  r w « «  i n  b r o k e r  '• n -  c o r r - s ; n- t o  r. K p .
, f ■ • • •= e ---------- •“ >»* " *  h-f ! "  •nch
 ..... ..  .T «  m; or .,.. - •> • = •*'• 1 -  ’ ‘ *  ** \ * ' " * * * * *
corresponds to components in Ufferent points • the structure.
t t  i*.sv be noticed * M t  'o r  -he  c a s e *  with' »  entral concent- 
rMed 1 osi *he corv-s showinr the percentage ch«ng-= in the arrest  
. . . . .  ,<■ . t e a r  force are not ' van. The reason I "  « i * t  n
. . . . . . .  =he maximum - e - r  f r -  W l l  *... ’
=r.d i t s  value is  independent of t Q o r  Kq.
"v„ analyt ica l  re su l ts  presented in this  section are thorough­
ly examined in the le s t  chapter »nd some inte rest ing  conclusions 
are reached. There re su l t s  » r «  ' Iso  used in the next chapter to 
ch.cK the v a l id i ty  of certain proposed re la t ions .
________________________________________________________________

CASE N 0 . 2 - A - W  
SCALE NO. 1
FIG. 2-4-6
-------------------------------------------------------------- -----------

CASE NO.4 -A -W  
SCALE NO. 1
FIG. 2-4-8
  — -— ^ -———
----------
-J0.7S
CASE NO. 1 -A -P  
SCALE NO. 3
FIG. 2- U  -10
__________________________________________________________ _______------------
r</>
CASE NO. 2 - A - P  
SCALE NO. 3
FIG. 2-4-11
60
LO
CASE NO. 3 - A - P  
SCALE NO. 3
FIG. 2-4-12
L_
o.soj- - 1 - >
t
ko
i
1 1 —i_.
-»0C
j 1 r
o.so . ..------ m-
1 00
1.50 . i _J--- L
____________________ ____
  — 61
UJ
u i CD
CASE NO.t-A-P  
SCALE NO. 3
FIG. 2-4-13
1.50
1.00
0.50
T
ko
I
1-Si
i  -i------r\, “T - i I  ' T 7 —r- -
-
/
1 7
- t -
■ 1 - y
r / m
- ♦ . . —
i /
,j - _k----- 1------
-i<j -12
-isX -eo
- 9  -6 
-60 -40
-3  
-l  C
^  3
0
i YC....
b
4C
9
60
7«
80
K
N
j - • ft ♦ f  N ' - * .« * —*
4- ft * —
\ d
t A
• ♦ + —
i_ —i— -1- -L- i . i . _ * 1 J
).75
j. ub
0 .25 .
t
to
i
0.25
C-5C
u.75
___ ___
CASE NO. 5 -A -  
i_ SCALE NO. 3
FIG. 2-4-14
63
LO
FIG.
___________
CASE N O . l - B - W  
SCALE NO. 1
2-A-15
— r
0-75
CASE NO. 2 - B - W  
SCALE NO.l
FIG. 2-4-16
___
65
C/3
CASE N 0 . 3 - B - W  
___ SCALE NOJ_______
FIG. 2-A-17
66
CASE N O . A - B - W  
SCALE N0.1
FIG. 2- U -18
_____
0.50-
• 50
CASE N 0 . 5 - B - W  
SCALE N0.1
FIG. 2-4-19
CASE NO. 1 - B - P  
SCALE NO. 3
FIG. 2-A-20
__________________________________
-60 - 60 - tC - ?0
CASE NO. 2 - B - P  
SCALE NO. 3
1.50
1.00
0.50
T
k 0
1
1' \  1 
\ r n ! 7A /
1 /' 
t /
m
i
k j /
-1
-1C
5
10-81
5 -i 
0 -6
-S
0 - 40 -21
) U
0
? k 21? 41
7.
D 60 8C
\ 4
i d '1 L v
___ I
t
to
1
.25
1.50
FIG. 2-A-21
tf)
CASE N 0 - 3 - B - P  
SCALE NO. 3
FIG. 2-4-22
1.50
1.00
t
ko
l
0.50
1 m /
r ~
--------------
J
u  l V X
i  /  
.  /
1
! /
5  - 1 ?  - 9  - 6 - 3  ^  3  
0  -  8 0  -  6 0  - 4 0  - 2 0  i  2 0  4
6  9  1 
0  6 0  8 -
!  ! X
1  \
- r  —
r  v
i _ v
d
r
i  , \ ■
0 2 5
t
to
1
0-50
0-75
71
LiJ
CO*
2
CD
CASE N O . ^ - B - P  
SCALE NO. 3
FIG. 2-4-23
50-
1.50 
1.00 
0.
t
ko
A
0.50
1.00
1.50
q  _lfr i  -t - / t  —^ tIS -17 - j  -E  -3— I— 5 E ~ ^  .
•100 -80 -60 -4 0  -20 . 20 40 60 90 T
72
Ll.*
CO* CD
CASE NO. 5 - B - P  
SCALE NO. 3
FIG. 2-4-24
73
CASE NO. 1 - C - W  
SCALE NO. 1
FIG. 2-4-25
.75 
• 50 
0-25 
t
to
i
0.25
0.50
0.75
74
CASE NO. 2 -C -W  
SCALE NO.1
FIG. 2-4-26
-JO
■
75
bJ
CO CD
CASE NO. 3 - C - W  
SCALE NO. 1
FIG. 2-4-27
t
ko
i
N r V  s'/ !  1 d  ^ *
s ' '
s * .
*  ^s '
I * "
-1
-IQ
5 -1
o -a
7 -9 -( 
3 -60 -4P ~2!
3 1
P t 2 \
3 6 ' 
3 40 &
1
? ft
2 •/ 
/#
j 1
i
r | 1
I
T "
_ ____ ♦
-
.25
0.75
76
C D
CASE NO. 4 - C - W  
SCALE NO. 1
FIG. 2-4-28
77
CO
CASE NO. 5 - C - W  
SCALE NO. 1
FIG. 2-4-29
CASE NO. 1 - C -P  
SCALE NO. 3
FIG. 2-4-30
79
CO*
CASE NO. 2 - C -  P 
SCALE NO. 3
t
ko
i
FIG. 2-4-31
"mn----
h 1 7
----
.. r  1
__ L /  I J
J1
-1
-K
5 -\7 -
>0-80 -6
5 - 6 - 3 1  3 6 <0
0-40-20 i 20 40 6 17 7. :C 60
1 !*■
1
1 S
I
j
1 1 ' 
1 i
V
\
'j
0.75 
0-50 
0-25 
t
to
4
i0.25
0-75
80
CASE NO. 3 - C - P  
SCALE NO. 3
FIG. 2-4-32
81
Li_T
u i
I______
00
CASE NO. Z - C - P  
 SCALE NO. 3______
FIG. 2-4-33
CASE NO. S - C - P  
r SCALE NC. 3 _____

25
_______  : . .   .  _
C A S E  NO. 2 -  D - W  
SCALE NO. 2
CASE NO. 3 -  D - W  
SCALE NO. 2
FIG. 2-4-37
C A S E  NO.4 -  D - W  
 SCALE NO.2
IG. 2-4 -38

— — — — — — — _ —
✓  r
3 6 9 12
0 /o
■100 -80 -6 0  -40 -2 0  ™  jry ^
aB:..■ a ■ . .. __________________________ _____
CASE NO. 1 -D -P  
SCALE NO. Z
FIG. 2-4-40
CASE NO. 2 - D - P  
SCALE NO. L
IG. 2-4-41
1.50 
1.00
0.50
t
ko
I
0.50
1.00
1.50
- 1 5  - i ?  9  6
100 -  8 0  -  6 0  - 4 0
T
4 -
— 4 —  
 L_
f 4
i _ L
- i y
l l. X—  a J I L
0.75
0.50
0 25 
T
to
I
0.25
0-50
0.75
_____________ __ ___________
90
u_*
CO
CASE NO. 3 - D - P  
SCALE NOX
FIG. 2-4-42
_ _____
CASE NO. 4 - D -P  
_  SCALE NO. 4
FIG. 2 -4 -43~

CHAPTER THREE
Estimate of Forces and 
Displacements in Flat Grids 
with Varying Torsional or 
Shearing Properties
V  This charter ir i©vo* *»o t f he l e v 1 m*'4 * f •» ♦ ~c: * : • ■ >*»*\’5
. . .  . .        ..y;r
h.rc rfeafn runct i or > f whi ch in to def;ne h r,' rrber •»: ’’’j *** f ”
extrapolation ‘ or in te rpo la t ion )  of  th* values *' fo'-c*<* u»d
disnlsrenn^r ts 1 * lines** ♦pj^turp wh*n ^orae fe - r*p of  *"*
t i n c t u r e  r*re v s ^ i a b l 4*.
Krhn i  yip employs the concent of vector and m **- !*  
nornrr which is  widely uced in d i s r ip l in *e  such as ruune**1eal  
an K  vs 1 h and wrr^r ana lys is .
Th° main part of th is  chapter i s  c o n c e r 4 e i with the app l ica t -  
ior nf  the suggested techniqu* to the esse of f la t  r r i  tv with vary-  
in r  ♦orsiona'! or s h a r i n g  p ropert ies .  The nasic idea, h-wev«r, is  
rd--'pendent of the t ype Gf structur*  end car be farther developed 
to cov®r a w i d e  renv* of structural problems.
ec » io r  f-,r . Vector and *:*trix Norms
V» ®n dv « l in .  w; t n v<»i^ ?rfl and ov* traces it i s  sometimes 
c o n v e n i e r ^  * o neve a s e a 1, a t  function which* in *om- repre­
sents t he no <rn i t u is o f  a Y « c K r  a matrix. The notion of vector  
and matrix vorme hae reer devised to * ro v : ie  for  this  need.
The concept of n< m s  ; r- * yet c< r  ^ .d.-r“ d to he * m-itter '“or 
-n r ineer ing  mathematics. ' t wa« t h o u g h t  t h e r e f  re, to
include a n r i^ f  description of these mathematical oh**Cts before  
ut i l i z i n - 4 t be* arid the rest of "hi s se^tion is l ev  ted t o this  
purpose ( For d** * i led  t reatfr**:; * f vector i n ’ matrix rorws see 
[ a ] ,  , * ] ,  [ a ]  and 110] ) .
In whs* ro l lo v «  x and v tie note column vectors, »v mo 3 
denote square matrices, c d*r>t*s  nn; r^al sca la r ,  i** .
th* absolute value of a ana n aerates the dimension of a vector or 
the order of a ecusre matrix.
qsotion -I. ' ti* roduct i on
u!Ti*re ft re i n r i m
"p ini r^mpnt s ,m>Y mmon v u se  : :
T ift X
£
w* #»r* x is the i com* onent of x* Th* firct n >rtn i * t h* absolute 
value of th* *rge*~t co m po ne nt  o '  x  in inodi? us, th* second norm is 
th* sum o f  t h *  a b s o l u t e  values o f  a i l  the c o m p o n e n t s  of x and th* 
t h i r d  norm i n  t h *  E u c l i d e a n  l e n  *t f x < i s  u s u a l l * y  r e f e r r e d  
to  as the E u c l i d e a n  v e c t o r  n o r n t h  I* nan be shown t h a t  e a c h  v e c t o r  
norm :s associated with h convex bodv in tn* n—dimensional Eucli­
dean space# In particular, for fhe t h r e e  norms introduced above, 
tne corivnx ho l ies are respectively ftn n-dimensiona 1 cube, an n-
ii 1 men sion a c tah*dror
, r . f o r m a t i o n  about t h i s  asper*-
l)e f i  n .i t i on 2• An v r*»a', -v
n —d i men si or. a
n < • rm * a r
o '  \  idenoted  bv 1 * A 
A 1* n  0 u n l e s s  A = 0 I n  w h i c h  c a s e
a A 11 = i a » * 11 A H
function of the e . e me nt .s of \ is a 
v* d*d that:
F o r  i n s t a n c e j the * m a r e  r o o t  o f  t e -urr o f  t>, ►* s ' l i M r F f  -r a,i t n e
e l e m e n t s  o f  A i s  a norm - a t i  s f v  i r a K  t*”# •> ve r e q u i r e m e n t s ,  T h i s
p a r t i c u l a r  no n r  i s u s u a  “ e f e c r e d  t o  a s  ti  e vi» i ^  ifi i t r i x  norm,
D e f i n i t i o n  *. A m a t r i x  n o n  p h .  i t ' he " c o n s i s t e n t  M w’’ t.n a 
given vector norm p r o v i d e d  t h a t  f o r  ■ ny m a t r i x  \ m<i anv v e c t o r  x
II A X II <  11 a i1 * X ll • • • • • • • •  —1 — a
A m a t r i x  norm c a n  l e g i t i m a t e l y  b* u s e d  i n  c < n u n c t i o n  w i t h  a v e c t o r  
norm i f  and o n l y  i f  i t  i s  c o n s i s t e n t  w i t h  t h i *  v e c t o r  n o r m .
D e f in i t i o n  4, A i w t r i x  norm c o n s i s t e n t  with * g iven  v « c t o r  Y a s a i d
t o  be f l u i b o r d i n a t # "  t o  t h i s  v e c t o r  norm p r o v i d e d  t h a t  f o r  anv  
l\ * o
matrix  A there  e x i s t s  a v e c to r  x ^  0 such t h a t :
H A x I! =  il 3 1 • II x II-------------------------------   •-------s
A matr ix  n >rm which i s  subordinate  to  a v e c to r  nor*1 i *  ^ l « o  
necessa r4"! v cons is ten t  with i tN bu* the converse is  n:«t t r u e .  For 
in s tance ,  th.e Euclidean matr ix  norm i s  cons is ten t  with f n~ Fuel i d -  
e»n v e c t o r  norm but i s  not subordinate to  i t .  In 4 s e t ,  a vector 
norm has u su a l lv  a number o r matr ix  norms cons's+*nt © th  i t but
on 1 v one o f  them i s  s u b o r d i n a t e  t o  i * .
^Yom r e l a t i o n  s f i t  r o l l o w s  t h a t  f o r  a m a t r i x  n >mi s u b ­
o r d i n a t e  t o  w h a t s o e v e r  v e c t o r  norm, A 1 i1 1 ( ’  u - n -  t e c  H ; n i t
m a t r i x  • B e c a u s e ,  t h e r e  e x i s t *  a v e c t o r  x C  s u c h  * a t ;
|l '  X II = I1 T I’ • !l x l|
o r ,  ‘ l x • -- ! X ‘ x
h e n c e ,  ll j  ! • 1«
j f  r n n  e aihowi t h a t  t fie m a t r i x  no rm s s u b o r d i n a t e  t o  t h e
v e c t o r  no rm s  g i v e n  i n  r e l a t i o n s  7— a^e r e s p e c t i v e l y :
1 A I L  = max 3E
1
r
il A li ~ ITiMX ^
1 i=-l  
! I / i I T m ’ 1 ft r  r' * ♦ -
a .l j
r i a ' r
‘‘- I  -<Sb
-r'-OC
where a. . is the typlca' element of A. *h * st T. • ♦ r  x n rm is t h e  
1 a r g * s t  row sum o f  a b s o l u t e  v a l u e s  and t n e  .*■**<•' t v  i s  *: e . argev-t  
co lumn  sum of abso'ut* v;*’ *s.
The m a t r i x  norm used i n  conjunction with a vecto~ norm ne*d 
not necessari 1 v be subordinaY* t- it, but it *c advantageous to b*
s
so. Th* advantage is t: at the relation containing the norms, 
which is usually in the form of an inequality, will b* optimal.
From now on, t h e  s y m b o l s  « x i and A i w i l l  be u s e d  t 
denote a n y  norm. F u r t h e r m o r * , in any r e l a t i o n  'ontsining b oth  
matrix and vector n o r m s ,  th* matrix no’hn is nres’ined t o  re s v n o r d -  
inate to the vector norm.
S e c t i o n  3-3*  B a s i c  I n e q u a l i t i e s
L e t  K, d and w b* t h *  s t i f f n e s s  m a t r i x ,  t h e  d i s p l a c e m e n t  
v e c t o r  end t h e  e x t e r n a l  l o a d  v e c t o r  o f  a l i n e a r  s t r u c t u r e ,  r e s p e c t ­
i v e l y .  The r e l a t i o n s h i p  b e tw ee n t h e  e x t e r n a l  1 ^ a d s  and *he j o i n t  
disp lacem ents  i s  g iven  by see r e l a t i o n  ? ) :
Kd 3-1
Now, l * t  the s t r u c t u r e  he modified *n any a r b i t r a r y  mann er p r o v i d e d  
t h a t  :
I N The m o d i f i e d  s t r u c t u r e  r e m a i n s  s t a b l * .
I T )  Th* m o d i f i e d  s t r u c t u r e  h a s  t h e  same num be r o f  j o i n t s  a s
t h e  o r i g i n a l  s t r u c t u r e  and t h e  n u m b e r  a^d t h e  t y p e s  ° f
c f  f r * * d o m  a t  * s c h  j i n t  r e m a i n  u n c h a n g e d .
M X ^ Th < ext*- rra : oh v*-r tor i c rv >+ / 4 *- r*- d •
E x a m p l e s  r>f rpr i i f i c a t  [  >r;c c  r v . s t e n t  wi t n  t h e  a o o v *  r e s t r i c t *  
i o n s  ( s u b j e c t  t o  t h e  c o n d i t i o n  Mint t*te s t r u c t u r e  r « m ? i n s  s t a n l e
a r e :
a )  Tn s e r t i n g  o r  r e m o v i n g  member*.
b )  C h a n g i n g  t n e  r i g i d i t i e s  o f  *:he members.
c ) A J f e r i n v  t h e  p o s i t i o n s  o r ^he / o i n t s .
'rhe 1 oa d—d i s p l a c e m e n t  r e l a t i o n s h i p  r o r  t h e  m o d i f i e d  s t r u c t u r e  may 
be r e p r e s e n t e d  b y :
(K ♦ M) ( d  ♦ g )  s  w .................................
wh er e  (h  ♦ M' and ( i  ♦ - r )  a r e  t h e  s t i f f n e s s  m a t r i x  ^ nd t h e  d i s -
j l a c e m e n t  v e c t o r  o f  t h e  m o d i f i e d  s t r u c t  i r e ,  r e s p e c t ' v e l y ,  The 
m a t r i x  V w i l l  h e r e a f t e r  be r e f e r r e d  t o  a s  t h e  " m o d i f i c a t i o n  
m a t r i x " .
The p r e c i s e  v a l u e s  o f  ' h e  c o m p o n e n t s  o f  j o i n t  d i s p l a c e m e n t  o f  
t h e  m o d i f i e d  s t r u c t u r e  c a n  be f o u n d  from t h e  s o l u t i o n  o f  e l a t i o n
*>—J , — ?  and *he a c c u r a t e  v a l u e s  o f  f he c o m p o n e n t s  o f  f o r c e  c nn  t h e n
be o b t a i n e d  fro m  t h e  j o i n t  d i s p l a c e m e n t s  and t h e  f A r c 8  -  d i s p l a r e -  
raent r e l a t i o n s  o f  t h e  i n d i v i d u a l  members.  H o w e v e r,  « om e ti m es  i t  i s  
r e q u i r e d  t o  a n a l y s e  a s t r u c t u r e  f o r  a l a r g *  number o f  c a r e s  i n  
w h i c h  some f u t u r e s  o f  t h e  s t r u c t u r e  a r e  c h a n g i n g  g r a d u a l l y ,  Tn 
s u c h  c i r c u m s t a r c e s , one may t h i n k  o f  a n a l y s i n g  t h e  s t r u c t u r e  f o r  
o n l y  a s m a l l  number o f  b a s i c  c a s e s  and f i n d i n g  t h e  a p p r o x i m a t e  
v a l u e s  o f  r o r c e s  end d i s p l a c e m e n t s ,  f o r  t h e  o t h e r  c a s e s ,  by e x t r a ­
p o l a t i o n  ( o r  i n t e r p o l a t i o n ) • A l s o ,  i t  i s  s o m e t im e *  d e s i r a b l e  t o  
h a v e  u p p e r  b o u n d s  g i v i n g  t h e  maximum p o s s i b l e  c h a n g e s  i n  t h e  com­
p o n e n t s  o f  f o r c e  o r  d i s p l a c e m e n t  w i t h  r e s p e c t  t o  v a r i a t i o n s  i n  
some f e a t u r e s  o f  t h e  s t r u c t u r e .
F o r  t h e  a b o v e  two t y p e s  o f  p r o b l e m ,  t h e  t e c h n i q u e  d e v e l o p e d  
i n  t h e  c o u r s e  o f  t h i s  c h a p t e r  may p r o v e  t o  be v a l u a b l e ,
*/e s t a r t  by d e r i v i n * *  u m e r  bo u n d s f  r  t he  r a t i o s  H v ii 'H 1 ♦ g 
and II g /■! d ’ , wk e r e  I! g , d ll an-J I d  > g ! r e p r e s e n t ,  a n y  n ^ r n
rr, 1 Hnd (d. 4 g', respectively. relatior . ■? <- a: i - V ',
(K * M) d * g « Kd or, -Kg -3 ' Ot ♦ g
or, - g  = K ~ >  ( d  ♦
T a k i n g  norm* se*3 r e l a t i o n  7— ,
i -  g !* ^ i v ~ ' y  - II  d * *  ; .
Prom r e l a t i o n  , -  - r i g !  h e r e * ,
II g II 2 ' ■* ’ ‘ £ '  6-V-3
o r  f i n a l l v ,  . g ' , , 1
* --------* ----- < H K M I)  * - ’ - 4
II d ♦ g H *
Now, fr^m  r e l e a r n
II a  * v I! -  II d II ♦  II * I ! .
S u b s t i t u t i n g  ' o r  ■! d ♦ v ’ i n i '  r » ] « t i n n  J - 5—
II E !i <  il K - ? •  II ( il d il * i; ii? 
o r ,  (1  -  II I T  H I I )  ll g l l  £  II K_ >  II • II d l l  , 
ui d p r o v i d e d  t h « t  II K *M II <  l ’ ,
II g II . II K_ 1 W II
<   ;    .
II d II “  1 -  II K * 9  II
I
•A n e c e f i f l a r y  ( b u t  n o t  s u f f i c i e n t )  c o n d i t i o n  f o r  II K g. II <  1 i s  the*  
(K ♦ M) i s  n o n s i n g u l a r .  b e c a u s e  j f  < y  ♦ M) i s  s i n g u l a r  t h e n  
( T + K S o  w h i c h  i s  t h e  p r o d u c t  o f  K * and > K ♦ i *  s i n g u l a r .
P u t  i f  (T ♦ K *M) ia  a i n g u ’ a r  t h e n  i t  h a s  a t  l e a s t  one z e r o  e i g e n ­
v a l u e  a n i  * e n c e  K V  h a s  a t  l e a s t  on* e i g e n v a l u e  e q u a l  t o  - I .  On 
t h e  o t h e r  h a n d ,  i t  c a n  be shown t h a t  no norm o f  a m a t r i x  c a n  e v e r  
he l e s s  t h a n  t h e  m o d u l u s  o f  an e i g e n v a l u e  o f  t h e  m/itr i x . T T i e r * f c r e ,  
i f  (K ♦  M) i s  s i n g u l a r  t h e n  II K 1 > 1  and t h e  p o i n t  i s  p r o v e d .
d e l a t i o n s  4-^—4 and 5 a r *  t h *  r e q u i r e d  it o * r  b o u n d s  and
d e p e n d i n g  on t h e  norm u s e d ,  t h e y  may r'ep*'eseri t u p p e r  b o u n d s  tv ~r t h e  
r e l a t i v e  a v e ra g e  c h a n g e s  i n  t h e  d i s p l a c e m e n t s  o r  •'he r e l a t i v e  
maximum c h a n g e s  i n  t h e  d i s p l a c e m e r t s  . . . . et--*
R e l a t i o n s  5 -  an d  *>- may be u - e d  irt two w h v b :
a )  I n  a j u a l i t a t i v e  m ann er : ' n r  d e r i v i n g  a i f f e r e n t  r e l a t ­
i o n s h i p s  o r  c o m p a r i n g  t h e  r e l a t i v e  e f f e c t s  c f  d i f f e r e n t  t v ^ s  o f  
m o d i f i c a t  i o n s  . . . .  e t c .
b )  I n  a q u a n t i t a t i v e  m ann er f o r  o b t a i n i n g  n u m e r i c a l  u p p e r  
b o u n d s .  The q u a n t i t a t i v e  u s e  o f  t h e  r e l a t i o n s  may i n v o l v e  t h e  
f o l l o w i n g  t Wo d i f f i c u l t i e s :
T )  The n u m e r i c a l  e v a l u a t i o n  o f  II K II may be u n d u l y  
c o m p l i c a t e d .
I I )  T h e r e  i s ,  i n  g e n e r a l ,  no g u a r a n t e e  t h a t  t h e  i n e q u a l i t i e s  
o o t a i n e d  a r e  c l o s e  e n o u g h  t o  be o f  a n y  u s e *  T h e r e  a r e ,  h o w e v e r ,  
o c c a s i o n s  when il K AK l ! i s  r e a d i l y  o b t a i n a b l e  i n i  i t  ca n ’d f l o  b*» 
shovrr that. f h* a s s e s s e d  i n e q u a l i t i e s  g i v e  c l o s e  b o u n d s ,  i n  w h i c h  
C a s e  t h e  q u a n t i t a t i v e  u s e  o f  t h e  r e l a t i o n s  may p r o v e  t c be s ; i t i a -  * 
f  a c t o r y .
Th* d i s c u s s i o n  h a s  so f a r  b*en j u i t e  g e n e r a l  and a p p l i c a b l e  
t o  any s t r u c t u r e .  I n  t h e  r e m a i n d e r  o f  t h i s  c h a p t e r ,  h o w e v e r ,  t h e  
a t t e n t i o n  w i l l  be c o n c e n t r a t e i  on ♦'he c a s e  o f  f l a t  g r i d s  w i t h  v a r y -  
._ng t o r s i o n a l  o r  s n * a r i n g  p r o p e r t i e s  and t h e  r e l a t i o n s  d e r i v e d  i n  
t h i s  s e c t i o n  w i l l  be u s e d  m a i n l y  i n  a q u a l i t a t i v e  m a n n e r '  f o r ' t h *  
s t u d y  o f  t h e  p r o b l e m .
B e f o r e  t h i s  s e c t i o n  i s  e n d e d ,  t h e r e  i s  a r a t h e r  i n t e r e s t i n g  
p o i n t  w h i c h  i s  w o r t h  m e n t i o n i n g .  Namely, on t h *  s t r e n g t h  t h a t
II K“ 1 M II £  H r 1 II • II M II , j |
r e l a t i o n s  3 —3 —^ and may be w r i t t e n  i n  t h e  f o l l o w i n g  f o r m :
ii d 4 g il
II K-1
I K ~ ‘
1 -
M
or
d w l
( I k ' * •  •  • •
i * | K *1) I! M ll/ ll K It
t —
- ( . i v K F  : i  v  ! ! / ! ;  K  I I
lTere, .. Vf i' / II y H repress1 ts the relative change in the stiffness 
matrix an+ ( il K (* * I K I ) p* important coefficient uenoting 
tne conditioning of the *yatern rf equations ( K « • K II '»
is usually referred to as a ’^ condition number 11 arid t h e  Urir^r it 
is the more sadly c o n d i t i o n e d  t h e  s y s t e m  is ( s e e  [ / 9 J 1. Now t h e
interesting point revealed by relations t-t-o and t- 1—7 p* t i  a t  
the changes in the displacements of a structure due to a n y  mod­
ification a r e  critically dependent on the conditioning of Kosw,
S e c t i o n  ^ - L .  T he  y « t r i x  K
Prom t h e  r e l a t i o n s  d e v e l o p e d  i n  s e c t i o n  ^ - 5, i t  car. be s e e n  
t h a t  t h e  e f f e c t s  o f  a n y  m o d i f i c a t i o n  on a s t r u c t u r e  a r e  d e r e n d e n t  
on t h e  norm o f  K ^w. I n  t h i s  s e c t i o n ,  t h e  m a t r i x  K "H f o r  a f l a t  
g r i d  w i t h  v a r y i n g  t o r s i o n a l  o r  s h e a r i n g  p r o p e r t i e s  w i l l  be c l o « e ] y  
e x a m in e d  and t h e  c o r r e s p o n d i n g  no rm s w i l l  he e v a l u a t e d .
L e t  t h e  s o l e  m o d i f i c a t i o n  t o  a s t r u c t u r e  c o n s i s t  o f  c h a n g e s
• I t  i s  as su me d t h a t  II K * * M . 1 .
#
in th* prope^t;e« of a single member b. Let the basic stiffness 
matrix of this modified merrn**-, r*la ive to its own rr.emher co­
ordinate syster , be
K - K ♦ mb *t
w h - r e  K i c t n e  b a s i c  s t i f f n e s s  m a t r i x  o f  tf • mrr - 1'* f  i e i  member.
r v e « t  i f f n e s s  mat r i  c # s  o f  * ;.e modi f  i * d  memrer r e ]  t : v *  * " h e  f r a  r e
c o o r d i n a t e  'svst w" ar*:
' K ’ n \ * -  W  < * *  ♦ V  « l T l  ............................. W - , H
, l ’ i r V i ,  -  -  T b Hb (Kb * -I, '  T b . . . . . . . .
» T T
11 *  „ b «  -  -b  < * b * V  \  -b........................................... ' - - l c
■ ' -u  - n ,  * l  'I.
’’ and M are the t r a n s f o r m a t i o n  matrix and Uie e<iui 1 i bri urr
b
matrix of the member, respectively »pee relations 1- -L and 
1-5-Lb . Prom relations —  +-1 ,nd fig. I - 1'-? it follow1' that f"e 
modification matrix, corresponding to *he tvpe o f  modification
under consideration, is o r the form shown in fig. '•-L-'l , wf *re
th* terminal joints o r  member b are assumed to te i *nb ; • Y ^ j .
Now, consider a f l a t  grid with meim-e»"s having no tor*'i onal
♦
and infinite shearing *■* i gi d i f * e a ( i .e *,t ) and purpose
that a member b is modified *o have a torsional rigidity equal to 
*5J.
F ’-ora fig. 1 -"- 5 ,
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H m e  I*. a r e  in«i*pen<ien* o f  t, , from r e l a t i o n  7- 4— ? b b x o
and f i g .  7- L - 1 i t  f o l l o w s  t o s t
Mk * 1 \D o h
wh«r* D is a square matrix irder>f*nrierjt of * and of *v.e same orderb 1 o
as M (ctnu K ' • 
b
Now, if 5» 1 1 fhe rnemoerc if the grvi an* mo ii fled to have tors- 
ionol rigidities, *r*e nv**-aj modi f ication rr-»tr;x is given v :
v = 2; Kj, = z  t n Dh
where the pumnation exta»Hs p H  the members of th* gri'd*
Furthermore, i r all fh* irami era ' ’V* ♦ r.» par* t >rsion coefficient, 
then
V - n
wh v - 3E. G. . m« t r x : u itg *».n ier.t ' * . * . ' i f ' y i ng
r* ' a*• i ~r» ’ h*v K 4 i V i* t' e r4 ' f * ' -  ♦ r * x r f • e unm ii.fi»'*d
g’H i ,
Tag in g  n o r m  ( see r *• ■** '. on ‘ -  — ■
v* v • y • t y
Denoting •> ;
I k ” am * = t •  •  •
v h e r e  9 i p  *  p c * i + i v e  s c a l a r  d e p e n d i n g  on t h e  p r o p e r t i e s  o f  t h e
jr.aodif i ed ’•rid and th*a *vre r • rm used.
Now, c o n s i d e r  a f l a t  r r i d  w i t h  membero h a v i n g  z » r o  t>» r s i ° n  
and s ' e a r  c o e f f i c i e n t s  and l e '  a »eml e r  t  b * '  m o d i f i e d  t ~  h a v e  «, n o n ­
z e r o  s h e a r  c o e f f i c i e n t  e ^ u a l  t o  k .o
can he derived in the foil owing manner:
The matrix ', for this cas< 
b
Kb =
H
o
0
0 0
BET 6 KI
L
•*»
^  /T
A 4
6  F I 1 /EJ
p
L
▼lw
and,
mb
/lftC.Sk \  k * Z  / \ .
(  2 )    (  . — )
\ l t ? k  / L \ l+7v / ;o
(Yr) 7o / i \ i ? nW «  / / .
T h e r e f o r e ,
=K -h
'"h mb h 1 * k
(- * 0
0 •>1 -12KI
O - I 2 r3 - ? 4E1
I. I J
• • • • /— 5
From f i g .  7- 4- l  and r e l a t i o n  1,- 4- p »
k
- h\  *
Ko N • 
. /  Db
t
^hpr *» f) i 6 a m a t r i x  i n d e p e n d e n t  o f  k . I n  a m ann er s i m i l a r  t o
t-::e ' i s -  c f  t o r s i o n  c o n s i d e r e d  a b o v e ,  i t  c a n  be shown t h a t  i f  a l l
th* members o f  t h e  g r i d  h a v e  t h e  same s h e a r  c o e f f i c i e n t  k , t h e n
Il k”  M
* Y
a-4 -6
w h er e  v  i s  a p o s i t i v e  s c a l a r  d e p e n d i n g  on t h e  p r o p e r t i e s  o f  t h e
’i n m o d i f l e d  g r i d  and t h e  tvq>e o f  norm u s e d .
We now Fhow t h a t  y  i n  r e l a t i o n  7- 4-6  i«* a p p r o x i m a t e l y  e q u a l  
to • From r e l a t i o n  V 4 — 5,
/  - 2 k  \
w )   * ' — 1 1 ?
w h er e  t h e  u s e  o f  =r r a t h e r  t h a n  f he e q u a l i t v  sign i s  due to t h e  
small d i f f e r e n c e  i n  t h e  c e n t r a l  e l e m e n t .  The modification
matrix M c a n  now be obtained from relation 7-M— ? and fig. *>-4-1
b
and t h e  o v e r a l l  m o d i f i c a t i o n  m a t r i x  is found t o  be
- 2 k
) k .
- I
P r e m u l t i p l y i n g  by K ,
  .. . ..... . *2  _  •
2k
From r e l a t i o n s  2- a ~ 4 and 7- m— ~ , i t  " V. ' t h a 1" f  =r ann  
r o ' n f i n  p i e s t i  on i s  prov*«1.
he
R e l a t i o n s  *>-a—L , T- u- g a r i l  7- u —■*" wer e o b t a i n e d  or  t h e  a s s u m p t ­
i o n  t h a t  a l l  t h e  members 0#> t n e  g r i d  r.^ve f he s a t *  f  o r  k . How-  
*V‘*r, as  f a r  a s  ’“e l a t i o n / ?  5—=♦—L and 5- L —0 a r »  c o n c u r r e d ,  t n e  
\esumpt ' on need n o t  n e c e s s a r i l y  be s a t i s f i e d .  N am el y ,  r e l a t i o n  
*_u—a r e m a i n s  v a l i d  e v e n  i f  ♦ h e  t o r s i o n  c o e f f i c i e n t s  a r e  d i f f e r e n t  
f o r  d i f f e r e n t  m emb ers,  i n  w h i c h  cas»» t s gsmnes a p a s ^ c  yfi ) uA *  nr1
depend or. .the properties of the un-nndi fi^l the proport
ion* tetween the ♦‘orsion coefficients of the members and the type
/
of norm ns*d. A similar remark holds for relation >-L—6 except 
th*f Y. will not depeno or the proportions between fhe shear co­
e f f i c i e n t s  o r the members but on the proportions between 
k 1 +?k ) for different members.IVfiPLT "J
Section 7>-; . FIs ti mate of pjspJ acemen te
Tn this section, the relations developed in sections * ard 
*-L are used in conjunction with a postulate to find a number of 
equations by which the changes in the dispiHcemert* of « flat grid 
due to variations in the torsional or shearing properties can be 
closely estimated.
Throughout this and the next section, it is assumed that t
•    .-- - --I---- • ____ .______________  ...
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1 io -. T •
of* i  t
J 1
tm * f 1. t u t  i n /  f o r  i n t  > -e  s t * o r  r— -  a,
1 - i
. v v e r i e r  a i n  t h i s  r e  * t  i  on >*r» i, a ri<t f a r d  tr  »-r*-f jt** th *• 
'ow,; imerit  o  '  d i s p i e c e » « * h t  'or»*©spnn t i n g  t o  an r v a l u e  of  t o ,4n /  
r». © ♦* r** ; 1 y  e y V  ♦ e • i * f  >r 4 h e  ] •>« l i n g  r,a-?*» >n ' t © r t i  .
Tn the  ' < -e o f  v a r  vir .g s  e a r i n g  n r c :  « r t i  • , a g a i n  t h e  g r i d  cat,
{ » - i t . - ' v  “ i f r - t  with members having zero sneer *:6e f f * i-*?/ +ni n* <t
with i.l iwj»int>»rs having tne same shear coefficient *, t j o-viir »*
r* *, - m nri (»♦* nv Mu aama f o r  bntn ana lyses .  Proceed un/ in a 
n uiner s i m i l a r  to tne e s s e  of  t o r s i o n ,  i t  c an f e s» *r tn«t
i  ♦ ?r )
d. » X - ko ♦ d . < 1 ♦ o
wr e r e  1 , d and t . ;  ir<- ar v al o g o u  * t o  s ' m i '  a r  ♦ e r f ' s  in- r e l a t i o n  
The %v>ov»* ,"#*1 »<t ion allows f^re v a l u e  o' m * ’tiresoon iing 
t a n y  v a l u e  o f  k t o  be e a s i l y  f>VHiU.V»' i i f o r  K .a  l o a d i n  ' • c a s e  
’**• r*-U ,
ge n *w c o n s i d e r  ar, a l t e r n a t i v e  .  •% y ■' f  r m u  ' a *  r * o r  • Y ^ i .  t s
o f  v a r v i n g  «■ e a r i n g  p r o p e r t i e s  on t he  di  an I .acement ir. ■ v r  it r e  ’d v r  
t*-i.. and ,
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>r r i  dered  to  ho rrepcond ir . to  t = -«*ui^t
a;
* r r ° ’ on and k . (* in d . k p c; V' ft t, p  \ p  rt • > A
v ■(■■ a ‘rT** f oiiding t t 20, ' -
• -^»v*iu c-frpapo j wi'k t^e analytic**’.v >hy * -  ■: v*» , 'le* .
i l * : r  o '  ” he oomT-arison o r *  s h o v r  i n  ♦ *»bi e -  .
t t h i n  * a o * e , r e l a t i o n  ‘— ’ i s  o r e - *  * o # »  e i  tt *  4 i p t i1 o c e ,r
when * * e torsional properties are changed end r-l *t.i.on- 7
u p *  * when the  s h e a r i n g  j " r o p e r t : °f* n r «  ot ftoged# '’’he *'**oson *'^ r
i ir.g r»‘ Rt ;r»n *- —  ratti*r th.an 7- *— 4 i? t + ,. ♦ ir f * ■
c- rv5jier*ci, fh*» arcoracy of repal' * . -^ bt n n M  from r* ttior
- we^e better than th/'se obtained * r< :m r«' ' t i or, -h.
TV* ease numbers giver in the first grOrmn of tT,t le -3 
nr* according to th* o^ nv en jo n* of section 2-4 *nd the member 
ends referred to in the second col*inu: correspond to tr» 'uimberin? 
.system shown in fig. 7- r—?. Tt * l * f *e r  D b e f  re » member end
©  ^   _ -     .- ... . ,  . . . -
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R e l a t i o n s  a _o _  * Hf «  u o p e r  c  i - w r  r. or :** r t  *r b r  * * r
Id with res  *>*»'-*♦ t.o t » *•" r •-* ' '  vs* » ♦ n •» .* .4e-
1 o
u n o e r  a g i v e n  s y s t e m  .f -» x' '  » 4 fr ’ mep' v  «t-
Id.  ano 8 a r e  s*<sessar> t* ir 1 ♦ • © rv *
• d ! = * d X 1 ♦ t B ap i - 1 * 1 ^. ’ 1 f e * 4i  i o  o i
form s ho w  in r \g*  4-  -  . T ’ . ^ r e  + * ~ rv
o. and have the same • >, i  e>iat ■ .
The c u r v e  »'*-" f* 1 s e n t  i n g  t h e h c ’ ‘c  > v - • r ' «* ■ t *
retireet t n ♦ • f o r  f  he J ■ .=» ii ?.g * •■*» r i r * "  ' * *
rt n a s s  • 0 r o U g h  • ”  * * i ( se*> f i g .  *•—  - ,
p' remain in the afiad-* a**e»> 4 ~ »* r' v . '-
c : o c . »r t t n k »s •
a an i 6 e r e  >i v i o u n  i :t c >t ♦ ' n : . * *'o. <* roir
P»»r .  n' r •’ *  : t in . e > - t :,e s t r u c t  ur*  i s  r *• -e v© •'■ *■*♦ 4 A *r 4 .
« 4 • e 4 , W * t h i n g *  *■••»* . •♦•f fr - .Ass ma* r i  ''
?■* ruct  .i**e i t • *• v« r -*• o f  a r i  ’ ♦h* • mt • **r * -? c ; *
men t •'•m ai n, f i n i t e  an f  a l s o  i n  f i t  
v * e at-, r-.rt'ir* is ur i*».«j *♦ ♦ > v u- -> 
nu n * . ■' ,r* ,i* rn i '* r e , t e a s t  a • f a r  t d ' a o  •■••»
I L s 4 3 r< » ff*»h ♦ «  a r e  s c - t u s  1 v  • ->nt  i ' t i u o u p *  ’ r  v f  r«  i r e g m n t  ?%»
i
p.ir * ft wt iii fig;. - ’ 1 .
are ri'iw in t i e  t o f  i t ion to i n ie rp ra t  thA sec oh ‘ t ; pos i t * ?r
o f  tqe p o s t u l a t e . T h i s  su] p»>s ', t i o n  i r  e q u i  vs erh t«.
• at ♦ he curve 1 has tfie *are e , *♦ ion >. 4 ...e ' vm “ ; c tv-
»#i 7. , that i s
. o
o
where q q|- ♦ ai fT  T ! r >f|d
PRACTICAL RANGE OF to   — -------------------------- H
-1
t h r o u g h  r o i n t  B ( s e e  f : p .  A-7- . r s -  s m.rpmhi- 4 or » r< V  «r. 
an a p p r o x i m a t i o n  b e c a u s e  * he < t ' i  r  e •. <t i or o 4' * ;rv» 1 * ■ y
c o m p l i c a t e d  f u n c t i o j  o f  a l l  4 he a'*»mer4 s >f 4 ,* - 4 i r f r » • i M i x  
and t h e  load v e c t o r  a n )  i t  c u  n u r d l /  be p r *' ' i y r**p’-e 
an e q u a t i o n  a s  s i m p l e  a s  4 h s t  o ! sn “ . ©ever , - it, y
l o g i c a l l y  be e x p e c t e d  t h a t  i f  i s  a* - -  -  i w h : c 4 * i
f i t  u u r v e  C apj r o x i  ma t.e1 y , i t  ah ou o v>*> m 1 i a r% 4< ? it
( s n d  T •
R e l a t i o n  *►—7— >b may now be c >rside*'**d and 4 r e  p o p r  o s i o r . a  
w i l l  f>e f o u n d  t o  fce s i m i l a r  t o  t h o s e  o b t a i n e d  r o r  r e l a t i o n  -  a.
The above i i  su>]* on snow* 4 • a t th*» r o s t u l a 4** f  r e  * i o n  3>— • 
i« net -i p r e c i s e  • ■ta^ement b u t ,  at  * fce same h  m - , i t  i s  n r t  m e r e l y  
\ n  nt i +i. v -  i n f e r e n c e  and i s  baa e d or  p l e u s i b " e  r e a s o n  n r and known 
f a c t s .
T i e  t  **•■'* r . ' v i e  ey,» o e l  i r. t h i s  c h a p t e r  may i e a p y ' i e * -  t o  
some t h e r  f rou ’ ftms o f  s t r  a t <ral  a n a l v s i s  and t n e a e  a^-e d i s c u s s e d  
i n  4 , ‘ t c h a p t e r ,  h o w e v e r ,  b e f o r e  u s i n g  t h e  t e c h n i q u e  i n  a
p r a c t i c a l  p r o b l e m  i t h e  r e l i a b i l i t y  o f  t h e  p o s t u l a t e  f o r  * t a t  c i s s  
n , r  • r '  n e* ■ ’ t • { tn ' sh©d. r » r  « °  n ona.l *r* -a *d ♦
vnr * r - * or*tonal •>** «»>*. - m y  ro* ©r4 are concerned, table -■ — [
i s  n e l i e v - * .  * *v nav-» p r o v . de-i eno ug h e v i  - levee f > r  t i e  poe* ’ . a 4** t o  
r ri I j K r *  i i " t © re ', i a h l . e ,
»\ rat  nj1 f a v o u r  i f  l e  f ^  4 ♦ • j r  •* to be n © e h in
se 't  ior * and i  « t : ; s 4 u s u a l  * *. v© s r  M r  c*'mpof.©nt ar**
© 4 i ms i ©d more accurate' v , Th * * omen on "V-
f o l  1 o w s :
A c a r e f  il s tudy of  rHebav'ovr if
di s ! a'etnep4 i j j  grv i B . wi.* n vhr f
properties shows that , f nr **y#*r < t • » < f 
q -f»ne^s '• t. ter* >f ben t v l o u y  1 --•,*» :
oh p e n t  s  i r • M
t h a t  of almost a.l tne components wr oh q**“ r e ' s ' v -  y . a r -« in 
magnitude. The relation?; of sections - ir 1 '-*■ , -■?. t - ♦+ * * «r 
hand| a*e always consistent w tn t **s* ♦ a ♦+*»-•  ^ v-
iour and, therefore, th* i^ourac * * ’ ,T» ,T* * ir **-
cxnpon^nt ° is usually high. :ra,uv a. *• \r« r •■» *■ «
wh^ch do not behave in t ■ * t -p: • n**- r**r. ’n •• . *n* * * ’ *»
normally small in magnitude and t-r e aouur’-'O- *' ♦ * r * * * e ;
valuer is like]v to be poor.
T h ro u g h o u t  s e c t  i  on.** a- i , i t  w.»* a -. . r v i  t  * a.  . t. *.**> 
- r i d  members h«v~* the Same t >esinr, e f f i c i  e r r  t r  t *  - -in** «• - i r
c o e f f i c i e n t  v * However, 'r * r » « t r e o c *n  * » *n v» e " 4 .♦ • « *r
o
o f  s e c '  7 on < -a  , some v ' 'h e  r e  ] a t i  • •: . • >: t • C j, j r -  i f l iA
'  are v f more general  app . i ran 141 -*.  'Jane / ,  re • ♦ ’j-'n? ~ — a,
s— 7, *-'■ -d and *-» - nv4 • r>- ec -ye i f 1 f r; »*r* v»
h  f  f# > r » r t  t o t f l '  on ~ ' *  f  *'i ci «*nt«  but t* *  p r o p e r *  i ins t*ef v *e r  t **
co«*f f i  *i e-i' * remain u.s* a n t . A-So, r *  a't ms -  b <n *
- — m. a i'** v* * *ve* if k is iiffepen* f> r ii* -r* ' rem! er*
pr 'Vi led that the p roport ions  pet w*er.- k > ‘ a V ' * r 11 f !4>reid
m »mnerc> remain const an1 i nc.  id“ s tne ca* •- s me f  t a
rrernner*' • tv° t! * same v a n : ! ar i f- r th* rest if *
Jhj* o f  T  w i  ■ r'..'..r.|nv  . . .. ..... .
Hti.-i I ,p ,.b > j m i f t g  t n -  i w , l >  . ( i f  ♦ , „ v
V-rB . „:d l.r r-,- ,t v -  .  . . . . . .
t
r * * • . •

CHAPTER FOUR
EXPERIMENTAL WORK
The analytical r e m i t s  >f era ♦ ©r ♦ ^  w©**© obtained depending 
or. a number of simplifying asaumrt 1 >r- tr.© validity of which can 
not a 1 wave be t ik*n for granted. vvre of th©*© assumptions are;
h ) The engineering th©orv of bending is v i. 
b ' The small deflect!or theory nolds.
c) Th© supposition that fl© 'oints N:«ve inf init© «"h 1 1
volumer will not a f r©ot tne re u l fs a; • r© ‘latiy.
To assess error boun if f >r the m f f.* >* s of * .*«**» s u i t  M o n s  *. r:
all conceivable situations, extensive theoretic-* I and ©xp©rim» n* * 
investigations are needed. Suci investigation -*r© j© /ond * © 
a c o p e  of this thesis the mein o l j e t  of which i •* -» sf jdv © r i !f©r- 
ent nature. It was tnoutrM appropr* Ate, u.w**7-r, to sh • m^r *
ally that at l©ast for a few case*;, th© theoretic* ' r© -t .r
forces and di a p] a c©4* * -r>1 r- t as© ; on th© a>*< v© i u© i '-.it: . ' y i r, g
a ssumpt i on a a r e  reliable.
It was deci le - to test a single diagonal grid v t r: ’ * ♦ ©r©r«t
bounciarv conditions and th© following were •-.©* out fh© poin* *-■ t 
p*» cong'dered in the lerign if th 4 ♦.©«*♦ i r:a :
a? The dimensions of th© model to be a-- iarc© is the auora­
tory facilities a,nd conditions allowed, 
b The members ♦ o be nrild steel ’-sect Iona,
c) The connections to be w©ld©i sn that the rap; .et©
rigidity nr trie joints could be ensured.
Different boundary eonditi vis to be arranged by '* 'ximrt/ 
various groups of joints a*- the supports, th© ♦ f\© being 
b«i) support in ever' case. 
e i al loading to b© a central vertical concentrated
1 >'>ad in al 1 t "© cases, 
f The measurements to i e confined t• sending strain1- and
w-iupp.Mi.. WZ .... -nr-TT,' "T! - w  ••
S e c t i o n  a- . Component Fart;s o f  Mi© '’©sting Arrar.g©m©nt 
’he Model
The mod©l was d e s i g n © i  a* © t h r e e  by tr r©e d i a g o n a l  g r i d .  The  
members w©re ^xl-^xe R r i t : « h  s t a n d a r d  st©e i c n ^  *nd the
connections w©re a l l  w e l d e d ,  Th© n m r i n e  d. men* i o n s  o f  t  h i  - v r : d  
ar© shown in fig. a— - 1 .
Care was exercis©! during the mar 1 fa< t uring of m»© m.-'dei to 
mak© it dimensionaliy correct ar i t > <voi i M  t ’rtion. However, 
the actua^ dimensions, as one e x a c t s ,  w©r- not precisely tn© same 
as the nominal on©s anc secure4© m©asur©m©n4 s snowed that they w ©r©, 
in average, about O. S  ^ out an i in tn© c**© of a *© mb©4'* 4h©
di acrepanci ©s w©©© up t °0 .
.Supports
Th© support« w©re t< satisfy the following reqn 1 r©m©ntfi:
a To simulate  u n y ie ld in g  ball supports.
b Po be -nourhnfc © v box beams made o r 'wo 1 F x B x K  steel
channels whirr w ©re a'ready availsb'© a? i fixed in position.
c ""o t.ie detschetv © so that different bound-trv conditions 
c.'uld be easily arranged,
Th© supports w©re iesign©d tc  these r© ; iir©ment and a sketch show- 
ir.'• 4 © details is given 1 r. f \ s r , <♦—
Loading Frame
Th© load ing  l « v i r e  hau M> b© mount ab_l© on box be uns s im i la r  
to tyiose used for tr»© supports *nd was t<' :© capable r •x©r+ ing 
\ i  4 c on© ton c o n e v t  r <4 © i . o*1.
A combination o f  a av ireul i c  jack  and a * ©ov'ing r in  * wa. ru©d 
fo r  appl : i©4! or ar i m© isur©«* 'n ' o f  tn© loads  and * © i*»t . «re 
41 r : .
PLAN OF THE TEST GRID
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LOADING FRAME
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U 7
D i a l  G a u g e s  
-
D i a l  g a u g e s  we re  u s e d  t o  m e a s u r e  t h e  v e r t i c a l  d e f l e c t i o n  o f  
t h e  j o i n t s .  Thes© d i a l  g a u g e s  wer© mount©! on m a g n e t i c  b a s e s  w h i c h  
w e re  s u p p o r t e d  by a fram© s i t u a t e d  u n d e r  t h e  t e s t  g r i d .  T h i s  f r a m e  
was made o f  s t e e l  a n g l e s  and was s u p p o r t e d  on th© f ' r o r  s o  ♦ ► a t  i t  
had no c o n n e c t i o n  w i t h  any p a r t  o r  th© t e s t i n g  a r r a n g e m e n t •
O n l y  t h e  d e f l e c t i o n s  o f  t h e  j o i n t s  i n  two q u a d r a n t s  o f  t h e  
g r i d  w e re  m e a s u r e d  and t h e  p o s i t i o n s  o f  t h e s e  j o i r t e  ar© shown i n  
f i g .  9- 2- 9 . F o r  a b o u n d a r y  j o i n t ,  h o w e v e r ,  t h e  d e f l e c t i o n  was  
m e a s u r e d  o n l y  when i t  was not a s u p p o r t .
S t r a i n  G a u g e s
E l e c t r i c a l  r e s i s t a n c e  s t r a i n  g a u g e s  were  .used f o r  m e a su r e m e n t  
o f  b e n d i n g  s t r a i n s .  T h e s e  w e r e  T i n s l e y 1* p a p e r - b a c k  D u r o f i x - b o n d e d  
dr awn g a u g e *  o f  t h e  t y p e  6K^ h a v i n ’  a r e s i s t a n c e  o f  1 2 0  ohms.
M i d - p o i n t s  o f  members w e re  c h o s e n  f o r  s t r a i n  m e a s u r e m e n t  and  
2^ s u c h  p o i n t s  w©r© c o n s i d e r e d .  The p o s i t i o n s  o f  s t r a i n  v e u g e  
s t a t i o n s  a r e  shown i n  f i g .  **— 2- 9 . At e a c h  s t a t i o n  one a t r a i r  ga uge  
was f i x e d  on th© t o p  f l a n v ©  and a n o t h e r  on t h e  b o t t o m  f l a n g e  e x a c t l y  
b e l o w  t h e  f i r s t  o n e .  One o f  t h e s e  s t r a i n  gauv©s was t o  a c t  a s  t h e  
dummy and t h e  o t h e r  a s  t h e  a c t i v e  g a u g e .  T h i s  i s  a w©' 1 known t e c h ­
n i q u e  f c r  m e a s u r e m e n t  o f  b e n d i n g  s t r a i n s  and t h e  a d v a n t a g e s  o f  u s i n g  
t h e  s t r a i n  g a u g e s  i n  t h i s  ma nn e r ( a s  c om pa r ed  w i t h  u s i n g  a c t i v e  
g a u g e s  on b o t h  t o p  and b o t t o m  f l a n g e s  w i t h  s e p a r a t e  d u m m i e s '  a r e :
a )  The r e a d i n g s  a r e  d o u b l e d  a s  a r e s u l t  o f  w h i c h  t h e  a c c u r a c y  
i s  i n c r e a s e d .
b )  The  l a b o u r  o f  s t r a i n  g a u g e  f i x i n g ,  w i r i n g  and r e a d i n g  i s  
a l m o s t  h a l v e d .
c )  The dummy g a u g e s  a r e  s i t u a t e d  i n  s u r r o u n d i n g s  s i m i l a r  t o  
t h e  a c t i v e  o n e s  r e s u l t i n g  i n  a c c u r a t e  t e m p e r a t u r e  compen­
s a t i o n .
d )  The e f f e c t s  o f  a x i a l  f o r c e s  ar© e l i m i n a t e d  e u t o n r i t i c a l l y .
U 8
POSITIONS OF DIAL GAUGES 
AND STRAIN GAUGE STATIONS
FIG .  4-2-4
<§) STRAIN GAUGE STATION 
©  DIAL GAUGE POSITION
Th* s u r f a c e  p r e p a r a t i o n  and s t r a i n  ga ug e  f i x i n g  and w i r i n g  we re  
c a r r i e d  ou t w i t h  c a r e  and t h e  s t r a i n  g a u g e s  w e re  l e f t  t o  d r y  f o r  a b o u t  
a we ek.
The i n s u l a t i o n s  b e t w e e n  t h e  g a u g e s  and t h e  t e s t  s u r f a c e  w e re  
m e a s u r e d  b e f o r e  t h e  e x p e r i m e n t s  and tr * resistances were  foirnd t o  
be b e t w e e n  00 and 100 mega ohms. T h e s *  i n s u l a t i o n  r e s i s t a n c e s  f o r  
s t r a i n  g a u g e p  o f  1 2 0  ohms a r e  n o r m a l l y  c o n s i d e r e d  t o  be s a t i s f a c t o r y .
t r a i n  M e a s u r i n g  I n s t r u m e n t s
The i n s t r u m e n t s  u s e d  f o r  s t r a i n  m e a s u r e m e n t  w e re  p e e k e l ' s  
e l e c t r o n i c  s t r a i n  i n d i c a t o r  t y p e  R1C 5T and e x t e n s i o n  box t y p e  ? 71T.
The p a r t i c u l a r s  o f  t h e n *  i n s t r u m e n t s  ca n be f o u n d  i r  t h e  m a n u f a c t ­
u r e r s '  p u b l i c a t i o n s .
S e c t i o n  4- %  T e s t *  »nd t h *  R e s u l t s
The g r i d  t e s t e d  w i t h  f i v e  d i f f e r e n t  b o u n d a r y  c o n d i t i o n s .
Th* b o u n d a r y  a r r a n g e m e n t s  f o r  t h e s e  t e s t s  ar*- shown i n  f i g .  *»—1 .
The external load was a central point load in all the cases.
A preliminary analysis showed that under a central 1oad of up 
t o  a ton, all the points of the test, g r i  d for all five cases were 
well witnin t h e  elastic range having a 'actor of s a f e t y  of at least 
two. Tt was decided, therefore, that the magnitude cf the central 
load be kept under a ton.
Before each, test th* mod*! was subjected *o several cycles of 
loading and unloading to "condition" the model.
For each test, the strain gauges and dial gauges were read for 
the following loads:
l) An initial load of "lb
I I ) A load of t l A o * 6 a  l b  
I T  I )  A l c s d  o f  l Q l h .^7  l b  
Th e  r e a s o n  for not starting the load from z*r^ was ♦'"at th* initial
150
LAYOUTS OF THE 
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l o a d  c o u l d  e l i m i n a t e  some o f  t h e  i m p e r f e c t l o n e ,  e a c h  a s  c l o s i n g  a 
s m a l l  gap b e t w e e n  t h e  g r i d  and a s u p p o r t .
The s t r a i n  g a ug e  and d i a l  g a u g e  r e a d i n g s  had t o  b© p r o c e s s e d  
t c  o b t a i n  t h e  n e t  i n c r e m e n t s  o f  r e a d i n g s  due to a f i x e d  i n c r e m e n t  
c f  l o a d ,  s a v  a t o n .  I n  what f o l l o w s  a g e n e r a l  r e l a t i o n  i s  d e r i v e d  
by w h i c h  t h i s  p r o c e s s i n g  c a n  be a c h i e v e - 1.
L e t :
be t h e  f i r s t  i n c r e m e n t  o f  l o a d .
a ^  be t h e  sum o f  t h e  f i r s t  and t h e  s e c o n d  i n c r © m e n t c o f  l o a d .
?
* n  be an a r b i t r a r y  i n c r e m e n t  o f  l o n d .
b^ be t h e  i n c r e m e n t  o f  r e a d i n g  o f  a s t r a i n  g a u g e  o r  a d i a l
g a u g e  due t o  an I n c r e m e n t  c f  l o a d  e q u a l  t o  a^ . 
b_ be t h e  same a s  b^ but f o r  an i n c r e m e n t  o f  l o a d  e q u a l  t o
a?*
b be th© same a s  b„ b u t  f o r  an i n c r e m e n t  o f  l o a d  e q u a l  t o  
o 1
»  •o
A s s u m i n g  ♦'hat t h e  t e s t  g r i d  b e h a v e s  l i n e a r l y  and t h a t  ♦ h e  e r r o r s  i n
b.j and a r e  e q u a l  bu^ h a v e  o p p o s i t e  s i g n s  ( ee© f i g .  L— 4—? ' ,  t h e
f o l l o w i n g  two r e l a t i o n s  ar© r e a d i l y  o b t a i n e d :
( b  -  e )  ( b ^  ♦ e )
*1
(b i  - w) _ .
*1 ’ " o ’
E l i m i n a t i n g  e b e t w e e n  th© r e l a t i o n s ,
ao (b^ ♦ bp)
b 3 ' . . . . . . . .  L— ^—1
o a 2 ^
Now, i f  a^ i s  e q u a l  t o  one t o n  and b  ^ r e p r e s e n t s  t h e  i n c r e m e n t  o f  
r e a d i n g  due t o  a t o n  and i f  a^ and a a r e  t a k e n  from t h e  a c t u a l  
v a l u e s  o f  t h e  l o a d s  g i v e n  a t  t h e  b e g i n n i n g  o f  t h i s  s e c t i o n ,  t h e n
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'"his i«* ♦h© relation by which th© ip c^ m^ r^ F of readings due tr a 
load of on© ton for all th# strain gauges «n 1 all the dia 1 gauges
were evaluated.
Th© values of b, , b and for all fiv~ t©st.s ar© fiver in
tables L— 5-la, L— 5-lb, ................ a— 5— a and L— t. Th© va u e s  ^f
b, and b-, in these tables ar© the average* of readings from two 
quadrants of the grid, ""he fact is that the model unier all five 
boundarv arrangements retained at east two ax©s of symmetry and, 
therefore, it was enough ♦ o install th© ©train gauges and iial 
in on 1 v or© quadr»nf of the grid. Nevertheless, !♦ was 
decided to ccv©r two quadrants (see fig. L-F-L) and take t he 
average of readings ♦o improve fVe accuracy.
[ V  figures in the first column cf tao.es a— 5— lb, .......
L-*-; t ar© the j >int 4 ier ♦ ;:ri r« t lor. numbers and correspond to th© 
numbe© ng sv G e m  giver -jn f-i ■. 7— 1 . rrrh© items in the ♦ r*t
Cc'omr • f ta =*- 5-la, .......  **-."5-3* r©pr©sent th© mid-points of
fTi, rnber«; ror instance, x- c represent** the mid— join* r f vhe
member with •©rTTiina' joints A ar, 1 .
Th© v a i©£ of b ^ , as r* r as the deflection ar© concerned, 
ire th© ry n -' answers . They represent th© actual i©f l ©ct jonr. in 
thousandths o r ar Lncn having a pcsitiv© pign ter downward movement. 
The vs' u©1 o r b for th© bending moments, h w©v©r, can net ©asi y 
4 n t **rpr©* © 1. H©re, « valu© of b + represent© th© .average o r b©nding
strains o * h© toj and th© bottom flanges at ♦he mil-*!*” f *■»
memoer. Nut what is r©a ly needed is *h© magnitude and hn© s©ns© of 
the bending moment. r»n© cou >1 , of course, ur© th© gauge far* r o* 
strain gauges •o transform the readings into strains, multi k  ♦‘■©m 
tv ♦’he modulus of f*1 " of th© material obtain ♦ he stresses
and use th© section modulus of the m©mc ©rs * n f4nd acme va] *©s 
bending moments. Th© mct"r'd adopted, how©v©r, wa*- .a u-.Kf©rent -ne.
A -  • 4 < la
TEST NO. ( : )  
EXPFR1MENTAL RESULTS
STRAIN
U**£
STATION b,
■" f  ■ 1 * " ' 1 1 T
a b t
fcENDINm 
MOMENT 
T. IN.
x “ 3 I 30*00 2 51 .7$ 3 7<P - 5 -2.56
2 - 3 ® 9 • 5 x 78 . 5 2 0O*9 -1.78
2 -  4 - 3 . 0 *“ 6 • 5 - 8*3 0 • 06
3 “ 5 91*0 179*6 2 0 2*9 -x .79
3 ~ * " 41 • 5 - £o .  5 -  i I 8 . 6 0 • 8 1
4 - 4 18.5 38.0 5 'Ho -0*38
4 - 0 0 0 « 0 13 4*0 X 9 4 * -  1 * 3 3
I 4 -  £ “ 3*o ~ 6 * 5 “ 9 *2 c.ot
5 ” 7 - 2 . 0 ~ 3 • 0 - 4 . 9 c * 03
~ 7 70.6 13 7. 5 2 0 2 . 0 -1.38
c -  8 - 6 0 . 0 “ 1 3 1 • 0 ~I 9 I .8 1.31
7 - 7 2I*o 42*0 Ol . 3 •0*42
7 - 8 ' 3 -o “ 4*5 ~ 7*3 0*05■— —. ■ — „■ - —— - - - j
r A B l E  m- 3-1  b
TEST NO. ( i , 
EXPERIMENTAL RESULTS
PI A L  
mA UmE 
3  T A  T I ; N b 1
b  >
I
d e f l e c t i o n
I N .
X 3 2 . 9 0 O 5 . 0 0 9 5 * 3 0 . 0 9 5 3
3 1 3 . 4 0 3 6 .  55 3 8 . 9 0 • c  3 8 0
3 2 0  • 0 0 4 0 . K 5 5 9  . A 0 * 0  5 9 8
4 0  • 0 0 c • 0 0 0 * 0 0 * 0 0 0 0
5 1 3 - 7 0 * 7 - 2 0 3 9 * 8 0 • 0  3 8
6 5 * 9  5 I I .  7 0 1 7 *  > o * o i 7 2
7 0 . 0 0 0 .  0 0 0 * 0 0 • 0 0 0 0
8 0 * 0 0 0 * 0 0
i.—
0 . 0 0 * 0 0 0 0
2  )
r v.
T A T I  '  N
i -  j I  b o • 5 0 \ I 8 * oo
f E Hr i n
M  w .  M F N1
' U l  6
I 0 9 .C 
1 3 • 5
2 1 6 . 5
2 7 • <;
3 1 6 . 9  
. ? • y
- 2 . 1 0  
— o  •  2 7
I oy j  I 7*0 
-  1 ? • o
31 7 * 9
— r P
• • * I
0 . 1 2
1 4 1 • 5
1 0 3 . 0
4*2 • r
2 0 0  ,y
1 5 0 . 4
6 2 .  3
-  I - 4 I
“ I . 0 5
“ O • 4 3
• 3 0 . 0
• i 3 
2 9 . 0
1 0 3 . 5  
— 5 9  • 5
* 5 1  * 9  
- 8 0 . 2
1.04
0*59
___
1 4 5 . 0
4 5-0
TENT NO. (a 
EXPERIMENTAL re
2 X I
6 «c
1-44
0.4;
TI
3 4* 
o •
I 6 .
4 •
VJ •
3 o  
9 0  
9 o 
0 0
9 0
c 
J
7 8 . 1 0
1 1 , ro
» X 4*3 
4 9*x
*? X  m  I

t a b u ;  a • 3 - a t
T E S T  NO. ( 4 )  
E X P E R I M E N T A L  R E S U L T S
b T R A I N
>,AU4 E
s t a t i o n b 1 b 2 i
BE NO I Nfi 
MU ME M  
T .  I N *
1 “  3 1 8 4 . 7 5 3 0 7 * 0 0 53 7 . 2 - 3 . 6 6
a -  3 1 2 8 * 5 2 5 3 . 0 3 7 1 . 4 - 2 . 5 3
■» “  4 3 6 . 0 7 6 . 0 1 1 1 * 0 -  0 . 71
3 ~ 5 1 2 0 . 0 2 39 • 5 3 50 . 0 - 2 . 3 9
3 -  6 2 2 .  0 4 4 . 5 6 4 * ? " 0 * 4 4
4 ~ 4 2 1 4 . 1 4 2 6 * 0 6 4 5 . 5 - 4 • 2 t
4 - 6 3 1 . 0 0 2 . 5 91 *o - 0 . 0 24- pV 9 9 * 0 1 9 9 * 0 2 9 0 * 1 ~ 1 . 9  t
5 - 7 1 9 * 0 3 9 *o 5° .  5 “ 0 * 3 9
6 - 7 4 0 . 0 8 1 . 0 4 1 1 7 . 8 -o.fo
b - 8 - 0 .  5 0 . 0 - 0 . 5 0 * 0 0
•7/ 1 7 . 5 3 5 *° SI .1 “0*3 >7- 8 -1 4 . 5
— ,-1 ,.
- 2 8 . 0 - 4 1 . 4 0 * 2 8
T A B L E  A 3-  4 b
T E S T  NO. ( 4 )  
E X P E R I M E N T A L  H F S U L T S
D I A L
QA Ul%F 
S T A T I u N
h 1A fc f
DEI- L L C T I O N  
I N.
i t f  . 50 I 3 0 • 3 0 1 9 9 . 4 0 * 1 9 9 4
2 5 5 . 0 0 1 1 0 . 5 5 1 6 1 . 6 O • I 6 1 t
3 53 . 0  5 1 0 5 . 3 0 1 5 4 . 3 0 . i 542
4 4 6 . 8  5 9 3 • 50 1 3 0 . 6 O . I 3 6 C
5 j  1 . 20 6 2 * 8 0 91 • 5 0 * 0 9 1  5
0 2 0 . 9 0 5 < . 8 0 7 8 . 6 0 . 0 7 6 6
0 . 0 0 0 * 0 0 c • 0 0 . 0 0 0 0
0 . 0 0 0 * 0 0 0 • 0 c • 0 0 0 0
T A 9 L F  P 3 i - 5 a
rENT n o , ( 5 )
E X F L n l  MENTAL HESt' l  TS
TA B L F  u  3 - bb
T E S T  NO. ( 5 )  
E X P E R I M E N T A L  R E S U L T S
D I A L
U A U Q E
s t a t i o n
fci
I ------------ r*
h t
P E T  l e c t i o n  
I N .
1
2
4
5
6
7
8
9 0 • 10 
6 1 . 4 0  
71 • 60
3 7 .  5 °  
6 0 . 9 0  
3 9 . 2 °
3 7 « 5 o  
0 . 0 0
I • 7 0
1 3 1 . 7 5  
1 4 3 . 55
7 4 * 5 5  
1 21 . 5 0
7 7 . 6 o
7 4 * 3 0
0 . 0 0
— 1 -
2 0 1 . 7
x 76 * 3
2 0 6 . 7  
1 0 9 * 1
1 7 7 . 6
1 1 3 . 9
1 0 6 . 7  
0 * 0
O * 2 0 l  7
0 . 1  7 6 3  
0 • 2 0 6  7
0 . 1 0 9 1  
0 • 1 7 7 6  
0 . I I 3 9 
0 * 1 0 6 7  
0 . 0 0 0 0
Namely, a 1C '  l o n g  s p e c i m e n  o f  t h e  s t e e l  I - s e c t i o n  from w h i c h  t h e  
members o f  t h e  t e s t  g r i d  we re  made w h s  s u b j e c t * * :  *o a pur© o e n u n g
* f.*t • frv* i»i»ec iiucn u " * r -cr • :n? • ir • *- u '
th * \ , ; • •; © » th *♦ i * T <»
The s p e c i m e n  was t e s t e d  a s  a s i m p l e  beam w i t h  two e q u a l  o v e r ­
h a n g s  a t  bot h s i d e s  and was l o a d e d  by two e q u a l  v e r t i c a l  l o a d s  
t o w a r d s  t h e  e n d s  o f  t h e  o v e r h a n g s ,  t h e  d e t a i l s  a r e  shown i n  f i g .
9- 5- 5a .  The  l o a d s  w e re  a p p l i e d  by two i  l e n t i c a l  l o a d i n g  f r a m e s ,  
one o f  w h i c h  was t h e  one u s e d  f o r  l o a d i n g  t h e  t e s t  g r i d .  The
c e n t r a l  s p a n  o f  t h e  s p e c i m e n  was,  o f  c o u r s e ,  u n d e r  a u n i : o r m  b e n d ­
i n g  moment w i t h  no a c c o m p a n i e d  s h e a r  f o r c e s ,  f i g .  9- 5- 3b .
On t n e  c e n t r a l  s p a n  w e re  i n s t a l l e d  f o u r  s t r a i n  g a u g e  s t a t i o n s
t h e  p o s i t i o n s  o f  w h i c h  a r e  shown i n  f i g .  9- 5- 3a .  C a r e  was e x e r c i s e d  
t o  make t h e s e  s t r a i n  g a ug e  s t a t i o n s  i d e n t i c a l ,  i n  e v e r >  i e t a i ^ ,  t o  
t h e  o n e s  c o n s t r u c t e d  f o r  t h e  t e s t  g r i d .
T he  s p e c i m e n  was t e s t e d  t w i c e  and i n  t h e  s e c o n d  t e s t  t h e  e n d s
o f  t h e  s p e c i m e n  w e re  r e v e r s e d .  The a v e r a g e  r e a d i n g s  o f  a l l  t o u r  
s t r a i n  s t a t i o n s  i n  b o t h  t a c t s  w a r s .
b = -  2 5 5 - 5 7 5
b = - 508. 625 •
1
b„ and c o r r e s p o n d  t o  i n c r e m e n t s  o f  l o a d  a^ = 25'-*.13 1*>
a ,  = 516.79  lb. Substituting these values i n  relation 9- 5- 1 ,c.
b * -  2 1 99 . 8 6  ( f o r  a = 1 t o e 11. 
ut °
T h i s  r e a d i n g  c o r r e s p o n d s  t o  a h o g g i n g  b e n d i n g  moment o f  13 t o n -  n,  
t h u s  e v e r y  1 9 6 . 6 6  u n i t s  o f  r e a d i n g  c o r r e s p o n d  t o  a s a g g i n g  b e n d i n g  
moment o f  1 t o n - i n .  T h i s  i s  t h e  s c a l e  by w h i c h  t h e  s t r a i n  ga ug e  
r e a d i n g s  w e re  t r a n s f o r m e d  i n t o  b e n d i n g  moments.  The v a l u e s  o f  b e n d ­
i n g  m o m e n t s , s o  o b t a i n e d ,  a r e  g i v e n  i n  t h e  l a s t  c ol um n o f  t a b l e s  
i+— 5- l a ,  . . . . . .  3- 3a .
The a d v a n t a g e s  o f  u s i n g  a b e n d i n g  s p e c i m e n  f o r  t h e  i n t e r p r e t a t i o n
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o f  s t r a i n  g a u g e  r e a d i n g s  ( a s  c o m p a r e d  w i t h  u s i n g  t h e  n o m i n a l  v a l u e s  
o f  t h e  g a u g e  f a c t o r ,  t h e  m o d u l u s  o f  e l a s t i c i t y  a n d  t h e  s e c t i o n  
m o d u l u s )  a r e :
a )  Th** e f f e c t s  o f  d i s c r e p a n c i e s  b e t w e e n  t h *  a c t u a l  d i m e n s i o n s  
o f  t h e  c r o s s - c e r t  i o n  a n d  t h e  o n e s  g i v e n  i n  t h e  s t a n d a r d
t a b l e s  a r *  e l i m i n a t e d  a i t c m a t i  a l l y .
b )  T h e  n e e d  t o  u s e  t h e  ga ug e  f a c t o r  a n d  t h e  a c c o m p a n i e d
e r r o r s  a r e  r e m o v e d .
c )  A d i f f e r e n c e  b e t w e e n  t h e  n o m i n a l  ar id t h e  a c t u a l  v a l u e s  o f  
t h e  m o d u l u s  o f  e l a s t i c i t y  w i l l  n o t  a f f e c t  t h e  r e s u l t s .
T h e  v a l i d i t y  o f  t h e s e  p o i n t s ,  h o w e v e r ,  a e j . e r . d s  on  t h e  s p e c i m e n  n e
g a u g e s  t o  b e  t r u e  f t m p l * s ,  b u *  ’ * ' ' *1  l a v e d  t o  h a v e  b e e n  t r . r  : a s e .
T h e  b e n d i n g  s p e c i m e n  h a d  y e t  a n o t h e r  i m p o r t a n t  f u n c t i o n .  N a m e l y ,  
d e t e r m i n a t i o n  o f  t h e  a c t u a l  c l  o f  t h e  m e m b e r s .  T o  t h i s  e c u ,  t h e  
c e n t r a l  d e f l e c t i o n  o f  t h e  s p e c i m e n  w a s  m e a s u r e d  f o r  both t e s t s  and  
t h e  a v e r a g e  d e f l e c t i o n s  w e r e :
b ,  =* 0 . 0 5 9 2 5  i n  
b = 0 . 1 l 8 6 ? 5  i n
T h e s e  f i g u r e s  a r e  m o d i f i e d  f o r  s i n k i n g  o f  t h e  s u p p o r t s  a n d  c o r r e s p o n d  
t o  i n c r e m e n t s  o f  l o a d  = 2 b 9 « 1 5  l b  a n d  = 5 1 8 . 7 * i c .  S u b s t i t u t ­
i n g  t h e s e  v a l u e s  i n  r e l a t i o n  h - 5 - l t
b = 0 . 5 1 2 1 7  i n  ( f o r  a Q = 1  t o n ) .
T h e  c e n t r a l  d e f l e c t i o n  6 f o r  a  s i m p l e  b ea m  o f  s p a n  L  u n d e r  a
2
u n i f o r m  b e n d i n g  m o m e n t  o f  m a g n i t u d e  M i s  g i v e n  b y  Mi / 8 L 1  •
I t  f o l l o w s  t h a t ,
ML^
*  = "5T” *
U s i n g  t h e  c o r r e s p o n d i n g  n u m e r i c a l  v a l u e s  f o r  t h e  c a s e  u n d e r  
c o n s i d e r a t  i o n ,
P h i s  v a l u e  o f  E l  was n e a r  t h e  v a l u e  >t t a i l e d  from t h e  s t a n d a r d  t a b l e s  
and was l a t e r  u s e d  f o r  t h e  t h e o r e t i c a l  a n a l y s i s  o f  t h e  t e s t  g r i d .
S e c t i o n  a- © . C o m p a r i s o n  t e t w e e n  th© E x p e r . m e n t a l  * i t h e  
T h e o r e t i c a l  R e s u l t s
The e x p e r i m e n t a l  v a l u e s  o f  b e n d i n g  moment and j o i n t  d e f l e c t i o n  
f o r  th e  t e s t  g r i d  a r e  g ^ v e n  i n  t h e  p r e v i o u s  s e c t i o n .  T h e s e  v a l u e s  
a r e  f r e e  from t h e  e f f e c t s  o f  man made a s s u m p t i o n s  but c a r r y  t h e  i n ­
e v i t a b l e  and c o m p l e x  e x p e r i m e n t a l  » - T o r s .  I t  i s  i n t e r e s t i n g  t o  
c o m p ar e  t h e s e  e x p e r i m e n t a l  v a l u e s  w i t h  t h e  c o r r e s p o n d i n g  v a l u e s  
o b t a i n e d  f r o *  a t h e o r e t i c a l  a n a l y s i s  b a s e d  on t h e  s i m p l i f y i n g  a s s u m p t  
. a u s e d  i n  t h e  a n a l y s i s  o f  t h e  g r i d s  i n  s e c t i o n  1- L .  Such a co*n- 
p - a r i s o n ,  a s s u m i n g  t h a t  t h e  e x p e r i m e n t a l  e r r o r s  .are n e g l i g i b l e ,  w i l l  
show w h e t h e r  t h e  s i m p l i f y i n g  a s s u m p t i o n s ,  * r  th© tvpw* f  g r i d  c o n ­
s i d e r e d  i n  t h e  e x p e r i m e n t , a r e  j u s t i f i a b l e .
T: © c o m p u t e r  programme d e s c r i b e d  i n  s e c t i o n  was u s e d  t o
a n a l y s e  t h e  t e s t  g r i d  and t h e  r e s u l t s  a r e  shown i n  t a b l e s  L - + - 1  t o
. The d i m e n s i o n ©  and p r o p e r t i e s  o f  t h e  t e s t  g r i d  u s e d  i n  t he  
a n a l y s i s  a r e  g i v e n  i n  t a f l e  L - b —b .  The t o r s i o n a i  r i g i i i t y  o f  t h e  
r r e m t e r s ,  i n  t h i s  t a o l e ,  i s  o b t a i n e d  a s s u m i n g  t h a t  t h e  ©na c r o o s -  
; a c t i o n s  c a n  wa rp  l r e © l y .
The e x p e r i m e n t a l  v a l u e s  o f  j o i n t  i e f  e c t i o n  i n  t a b l e s  b - * - l b  
t o  L— 5- c>b c a n  now be corr.p-arei w i t h  t h e  c o r r e s p o n d i n g  t h e o r e t i c a l  
v a l u e s  i n  t a b l e s  -a-L-1  t o  As f a r  o s  t h e  t e n d i n g  moments
a r e  c o n c e r n e d ,  n c w e v © r ,  t h e  v a l u e s  i n  t a b l e *  +-*+-! t o  b—b -  a r e  n o t  
d i r e c t l y  c o n p a r a b l e  w i t h  th© e x p e r i m e n t a l  o n e s .  The r e a s o n  i s  t h a t  
t h e  e x p e r i m e n t a l  v a l u e s  c o r r e s p o n d  t o  a i d - p o i n t s  o f  t h e  members and  
t h e  t h e o r e t i c a l  v a l u e r  r e p r e s e n t  t h e  b e n d i n g  moments a t  t h e  t e r m i n a l  
p o i n t s  o f  t n e  r c e a t e r s .  The c o m p a r i s o n ,  h / w e v e r ,  i s  made e a s y  by  
p l o t t i n g  t h e  e x p © r i m e r * a l  v a l u e s  a g a i n s t  t h e  t h e o r e t i c a l  c u r v e s .
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T A B L E  4 - 4 - 6
NO. ITEM DESCRIPTION VALUE SOURCE
1 L
LENGTH OF DIAGO­
NAL ME MBERS
21.155 i n .
AVERAGE OF 
MEASUREMENTS
2 Aw
A R E A  OF THE WEB
OE THE C R O S S -  • 
S E C T I O N
o 
. STANDARD
T A B L E S
3 G M OD U L U S  OF E L A ­S T I C I T Y  IN S H E A R 5151 t o n / ]N2
S T A N D A R D
T A B L E S
4 J
TORSI ON CONSTANT  
OF THE C R O S S -
S E C T I O N
0.03 in4
S T A N D A R D
T A B L E S
5 GJ T O R S I O N A LR I G I D I T Y
2
154.53 t o n  in. 3 & 4
6 E l * B E N D I N G  R I G I D ! T Y 22273 t o n . i n E X P E R I M E N T
7 to
T O R S I O N  C O E F F I -  
C IE  N T =  0i/£\ 0 .0 0 6 9 4 5 & 6
8 k©
S H E A R  C O E F F I ­
C I E N T
0.145 1& 2  &3&6 I
# T H E  N O M I N A L  V A L U E  OF El  C A L C U L A T E D  FROM T H E  
S T A N D A R D  T A B L E S  I S  E Q U A L  TO 2 2 2 3 2  T O N 1 N 2

  T H E O R E T I C A L  C U R V E
FIG. 4-4-1 o .......... E X P E R I M E N T A L  VALUE
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rygy^w  — „, _ ____
173
T E S T  NO. ( 3 )
hogging
10 T. IN
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E X P E R I M E N T A L  V A LU E
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• ' i i i ' i ' i
0.0 0.1 0.2 0.3 0.4 IN.
________ T H E O R E T I C A L  CURVE
FIG. 4-4-4 O ..........E X P E R I M E N T A L  VALUE
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as su m e d  o n e s .
A l l  t h e  a b o v e  item© t e n d  t o  i n d i c a t e  t h a t  i t  i s  r e a s o n a b l e  t - 
e x p e c t  t n e  e x p e r i m e n t a l  value.* be l e s s  t.'.aj t h e  t h e o r e t  i a_ ui.e.* .
I t  i s  r a t h e r  s t r a n g e ,  t h e r e f o r e ,  that t i© resul t.» o f  t e s t  No. 
do n o t  c o n f o r m  w i t h  t h i s  genera l tendency. N> s a t i s f a c t o r y  
e x p l a n a t i o r  f o r  t h i s  phenomenon o i l d  b© found.
Two o t n e r  f a c t o r s  w h i c h  c u u l  i h a v e  been r©topoi s i b l e  f o r  sonre 
o f  t h e  d i s c r e p a n e i e s  a r e :
a )  Y i e l d i n g  o f  t h e  S u p p o r t s
The s u p p o r t s  and th© s u p p o r t i n g  beams w e r e ,  o f  c o u r s e ,  s c  
r i g i d  t h a t  a n y ' s e t t l a m e n t  o f  t h e  s u p p o r t s  must h a v e  been v e r y  sma . 
N e v e r t h e l e s s ,  sorre p e r c e n t a g e  o f  the d i s c r e p a n c i e s  c o u l d  h a v e  been  
c a u s e d  by t h e s e  s m a l l  s e t t l e m e n t s .
b D i s t o r t i o n  o f  t h e  T e s t  G r i d
The t h e o r e t i c a l  a n a l y s i s  was b a s e d  on a r e g u l a r  d i a g o n a l  ,*ri ..  
The t e s t  g r i d  i t s e l f ,  h o w e v e r ,  was n o t  q u i t e  r e g u l a r  b e i n g  s l i g h t l y  
d i s t o r t e d .  T h i s  d i s t o r t i o n  o u s t  h a v e  c o n t r i b u t e d  t o  t h e  d i s c r e p ­
a n c i e s ,  out t h e  n a t u r e  and t h e  m a g n i t u d e  o f  t h e  e f f e c t s  a r e  d i f f i c u
CHAPTER FIVE
CONCLUSIONS
L e c t i o n  ‘©-1. I n t r o d u c t i o n
T h i s  l a s t  c h a t t e r  c o n t a i n s  t h e  *. i ua 1 c o n c l u s i o n ©  or t h e  work  
p r e s e n t e d  i n  t h e  t h e s i s *
Th© p r e c ©  i i n g  m a t e r i a l  m* t © U v i a e i  i n t o  tw h  <t . n e t  
' a t  e g o r  i e s .
! )  Th© work c o n c e r n e d  w i t h  th© © f f e c t s  e* v a r i a t i o n s  i n  t ' c r a i o n -  
h ' o r  s h e a r i n g  p r  > p e r t i e s  »r tn© b e h a v l  »ur o f  i :  agona^. g r  U s .  
i j h a p t e r  two c >nt t i n s  th© m ai n :• *dy yf t h i s  work w h i c h  i s  s u p p o r t e d  
by t h e  © x p e r - » e r t a l  r*uu'.  t «  f  eft*; t e r  t o u r .  Some p a r t s  o f  c h a p t e r  
t h r e e  a r e  it .s o  c o n c e r n © !  * t h  m a t ’ e r s  r e l e v a n t  t o  t h i s  c a t e g o r y .
T i e  c o n c l u s i o n s  •'c o r r e s p o n d i n g  t o  t h i s  t y p e  *f work a r e  g i v e n  i n  
.lee* i o n  ' -  •
I i )  The work l e a d i u  t o  trie f o r m u l a t i o n  o f  a t e c h n i q u e  by which  
tn© © h / i v i o u r  o f  g r i d s  u n d e r  v a r y i n g  t o r s i o n a l  o r  s h e a r i n g  p r o p e r * -  
u  may :© ©xt ra p e d  a t  ed v o r  i n t e r p o l a t e d / .  The m a t e r i a l  co; r» -c © J 
w i t h  4> e c a t e g o r y  o f  work i s  p r e s e n t e d  i n  c h a p t e r  t h r e e  and i s  
f u r t h e r  d i s c u s s e d  i n  s e c t i o n  5- * 1.
._©> t u n  —< . E f f e c t s  o f  T o r s i o n a l  and S h e a r i n g  R i g i d i t i e s
The r e s u l t s  o f  t h e  a n a l y s i s  g i v e n  i n  s e c t i o n  2 -9  may : e  us*- 
t o  e s t a t u i s h  a number o f  i n t e r e s t i n g  f a c t s  r e g a r d i n g  t n e  e f f *  ’ : 
t o r s i c n a l  o r  s h e a r i n g  r i g i d i t i e s .
To e a s e  t h e  c o m p a r i s o n  o f  t h e  r e s u l t s ,  t h e  p e r c e u t a g ©  ■ r
i n  t h e  maximum c o m p o n e n t s  o f  d e f l e c t i o n ,  b i n d i n g  moment a n -  s. ©or
i n g  f o r c e  due t o  t h e  i n c r e a s e  o f  t frorr. z e r o  t o  C . ' / b  o r  t i  e
o
c r e a s e  o f  k f rom z e r o  t o  l . r>0) f o r  a l l  t h e  a n a l y s e d  a.-© ar© 
o
shown i n  t a b l e  5- 2- 1 . A l s o ,  t o  o n t a i n  some i d e a  o f  t h e  re': a- l e
i m p o r t a n c e  o f  t o r q u e s ,  t h e  c.aximum c o m p o n e n t s  o f  t o r q u e  f r
t = Q*7!>) i n  t e r m s  o f  t h e  p e r c e n t a g e  o f  t n e  c o r r e s p o n d i n g  miXi.Tum
c o m p o n e n t s  o f  b e n d i n g  moment v f o r  t = . 0  ar© g i v e n  i n  t. © a t

c o l u m n  >f  t a b l e  > - . - 1 . I n  t h i s  t a b l e ,  © x c e -  t  f  >r t h ©  f i g u r e s  ir.
t h e  l a s t  1 unn  w h i c h  a r ©  g i v e n  $  IfcA v . i© ,  a  n e v i * i v . >
d e n o t e s  t h a t  t h e  c h a n g e  i s  a d e c r e a s e  i r  m o d u l u s  a n d  a  p o s i t i v e  
s i g n  der , t e r .  t r . a t  t h ©  c h a n g e  i f  an  . n r ^ G  e  ir. m o d u l u s  .
T a b l e  5-  -1  c l a s s i f i e s  t h ©  m o * t  i m p o r t a n t  p i e c e s  o i  i n K - r o n '  
i o n  a s r . e s s a b l e  *'t o t . t h e  r e s u l t s  o f  •-*> ‘ y s i s  a n d  p r o v t u © . - .  a  s u i  
; f r u wh h g e n e r a l  p a t t e r n s  o f  b e h a v i o u r ,  r e g a r d i n g  
*• f 4 © ■ t s  o f  t o r s i o n a l  o r  s h e a r i n g  r g i d i t i e e , mav b e  t r a c e d .
■ i f  h o w e v e r ,  c a n n o t  b e  u s e d  t o  , . t  a d y  t h e  d e t a i l e d  b e n a v  o a r  o f
a n y  p a r t i c u l a r  c a s e  a n d  f o r  t h i s  p u r  n o s e  th ©  r e l e v a n t  d i a g r a m s  J 
s© t i o n  2 —4  i r e  t o  b e  c o n s u  t e i .
A ‘ t u o r o u g h  e x a m i n a t i o n  o f  t h e  r e s u l t s  g i v e r ,  i n  s e c t i o n  - -  
,n d  t a b l e  5 - 2 - 1 ,  r e v e a l s  a  n u m b e r  >f i n t e r e s t i n g  p o i n t t  w h i c n  are 
d e s c r i b e d  i n  t a b l e  . I t  i s  t o  b e  n o t e d ,  h o w e v e r ,  t h a t  t h
s t a t e m e n t s  a n d  f i g u r e s  i n  t a b l e  5 -  - 2  a r e  a p p l i c a b l e  t o  t h e  max imum
c o m p o n e n t s  f  f o r c e  a n d  d i s p l a c e m e n t  o n l y  a n d  t h e i r  v a l i d i t y  - r
..■•vr.por.er.ts o t h e r  t h a n  m axim um  c a n n o t  b e  t a k e n  f o r  g r a n t e d .
•Some o f  t h e  f a c t s  g i v e n  i n  t a b l e  5- 2-2  a r e  e a s y  t o  l u r - t i f , .
F o r  i n s t a n c e ,  i t  i s  m e n t i o n e d  t h a t  an i n c r e a s e  i n  t h e  t o r s i o n a l  
r i g i d i t i e s  h a s  t h e  e f f e c t  o f  d e c r e a s i n g  t h e  d e f l e c t i o n s .  Hut, t n m  
i s  a s  t o  be e x p e c t e d  b e c a u s e  an i n c r e a s e  i n  t n e  t o r s i o n a l  r i g i d i t . * ?  
w i l l  r e n d e r  t h e  s t r u c t u r e  s t i f f e r  and h©nce t h e  d e f l e c t i o n s  a r e  
d e c r e a s e d .  Some o t h e r  s t a t e m e n t s  i n  t a b l e  5 - 2 - 2 , h o w e v e r ,  a r e  n o t  
e a s y  t o  j u s t i f y .  F o r  i n s t a n c e ,  when a d i a g o n a l  g r i d  i s  un n r  
u n i f o r m l y  d i s t r i b u t e d  l o a u i n r ,  an i n c r e a s e  i n  t h e  t o r s i o n a l  r ,  n  - 
i e e  w i l l  c a u s e  t h e  s h e a r i n g  f o r c e s  to  d e c r e a s e  f o r  b o u n d a r y  r. i: • -  
i o n s  A ana D and t o  i n c r e a s e  f o r  b o u n d a r y  c o n d i t i o n s  B a n u  . T h i  
s h o u l d ,  p r e s u m a b l y ,  h a v e  some s o r t  o f  l o g i c a l  e x p l a n a t i o n  Ml M 
r e a s o n i n g  o f  s i m p l e  n a t u r e  c o u l d  be us e d  t o  j u s t i f y  i t .
Some p o i n t s  o f  e s p e c i a l  i n t e r e s t ,  c o n c e r n e d  w i t h  t n e  s l a t e-v i v  
g i v e n  i n  t a b l e  5 - 2 - 2 ,  a r e  l i s t e d  c e l o w .
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1 ) The f a r t  t h a t  t h e  i n c l u s i o n  o f  s h e a r i n g  r i g i d !  t ie.« tn© 
a n a l y s i s  c o u l d  i n c r e a s e  the  d e f l e c t i o n s  a p p r e c i a b l y  n  w e l l  Known 
f o r  many y e a r s  s©>-, f o r  i n s t a n c e ,  11 I'r.e m; g.ni* n c >  o f  t h e s e  
i n  T e a s e s  f o r  sons© o f  t h e  o a s e s  ■ n m a e j r e d  i n  tn© t h e s i s ,  r  u t * v e r ,  
ar© M-yond a l l  u r © vi  • u s l y  i m a g i n e d  l i m i t / .  Name' i n  -rea* u? t 
1»S< ( i . e .  t h e  - r i g i n a l  d e f l e t i ^ n  he;  i . a 1 n . »s t * r - i u  © : '■ a r e
c r . 4 r v  -• : nd ye? tn© w o r s t  i t  t o  ?ooe,  s i n c e  b a s e d  oh :e i i  i c u s s i p r .
i n  s e c t i o n  , i n c r e a s e * ,  up t c  r a r e  to he e x p e c t e d .
c The effects of shearing rigidities on tr.e v a i u e s  of interna 
: rr* r. <r© not a s  trivia is t h e y  are common ;y b e l i e v e d  t o  be.
**' The r e l a t i v e  i m p o r t a n c e  o f  t r q u e a  when t h© e x t e r n a l  l o a d s  
ar© u n i l o r m l y  u s t r i b  i t e d  i s  much more t h a n  t h e  c a s e s  when t h e  
e x t e r n a l  l o a d s  ar© c o n c e n t r a t e d  and t h i s  r e m a i n s  t r u e  f< r  a ; l  th©
.t;- i r . i  r. -oundan c o n d i t i o n * - .  H o w e v e r ,  w h i l e  t h e  r e l a t i v e  
i m p c r t a n c e  r  t o r q u e s  f o r  u. f o r r l y  d i s t r i b u t e d  l o a d i n g  v a r i e s  f r o s  
f - y u c  t o  ay ou t 7»nc from t  u n d a r y  c o n d i t i o n  t o  b o u n d a r y  o n a i t i o h ,
* * r e l a t i v e  imp r t a n e  of t o r q u e s  f o r  a c e n t r a l  c o n c e n t r a t e d  l o a d
i. i i .no.-t t h e  name f r  a l l  t h e  l a y o u t s  and b o u n d a r y  c o n d i t i o n # -  w i t h  
t h e  n d i o  o f  t h e  maximum co m ponent o f  t o r q u e  ( f o r  t  -  C . ? 5 ) and  
th* re r r e / p o n d i r i g  -rvaxirrum com:*onent o f  b e n d i n g  moment ( f o r  t  = C. C  
“ *•» a m  in* a b o u t  < . 1 3 *
At t h i s  p o i n t ,  an i m p o r t a n t  q u e s t i o n  n*ay be r a i s e d .  N am el y ,  
ar© tr.e f a r t e  g i v e r ,  ir* t a b l e  3 - 2 - 2  a p p l i c a b l e  t o  d i a g o n a l  g r i d s  o l  
a l l  s h a p e s  a n i  d e s c r i p t i o n s ?  T he  a n s w e r  i s  t h a t ,  s t r i c t l y  s p e a k i n * , 
t h e r e  i s  no g u a r a n t e e  t n a t  an y o f  trie s t a t e m e n t s  o f  t a b l e  * — -< be 
t r u e  f o r  a d i a g o n a l  r r i d  o u t s i d e  th e  c a s e s  c o n s i d e r e d .  We may,  
h o w e v e r ,  s p e c u l a t e  t o  s a y  t n a t  among t he  f a c t s  g i v e n  i n  t a b l e  
3 - 2 - 2  t h e r e  a r e  a few w h i c h  a r e  n o t  d e p e n d e n t  on an y p a r t i c u l a r  
b o u n d a r y  c o n d i t i o n  and o r  i o a d i i  g ca. e,  t he.se ar© l i k e l y  t o  r e m a i n  
t r u e  f o r  an y  d i a g o n a l  g r i d  o r  e v e n  f o r  any o t h e r  ' y p e  o f  f l a t  g r l u .  
The o t h e r  s t a * e m © n t s  w h i c h  ar© d e p e n d e n t  or. p a r t i c u l a r  b o u n d a r y
c o n d i t i o n s  a n d / o r  l o a d i n g  c a s e s  and a i l  th© f i ^ u r © .  g iv i i i .  t f e
maximum p e r c e n t a g e  c h a n g e s ,  m  t n e  * t i e r  nan i , ar© r  * to dc t r u s * e c
\
ou tR i. de  th© cas* -' c o n s ; l© r© d•
B a s e d  or a l l  M e  prec© i m g  a*a ter .:». l , * t ftfcy f i n a y  be c o n ­
c l u d e d  that :
The v a r ia t io n s  i n  t h e  t < r © i < n a l  ,-r sr ♦•ar:*.. . r o p e r t i © t  o f  a 
d i a g o n a l  g r i d  may nave s i g n i f i c a n t  e f f e  t s  on th© v* u e s  and  
d i s t r i b u t i o n  , = »f t h e  i n t  ©rr a 1 I rc« .1 and i i r  i 1 aceiren* r  and h e n c e  
f o r  a n  e f f i c i e n t  de i gr. t : >  s e a r c h  f o r  tne most f a v o u r a b l e  
va lues  o f  t o r s i o n  and s h e a r  c o e f f i c i e n t s  should be m l u d e i  i n  h i
o \  t  i®  i z a t  i or. p r o c e s s .
’>e t i o n  — . S t r u c t u r a l  A n a l y s i s  and t h e  'o r . c e p t  o f  Norms
I n ^ c h i K e r  t h r e e ,  b a s e d  on th© c o n c e p t  o f  n o r m s ,  a t e c h n i q u e  
was d e v e l o p e d  ry w h i c h  th© c h a n g e *  i n  t h e  i n t e r n a l  t o r c © r  ar.d d i s ­
p l a c e m e n t s  o f  a l i n e a r  s t r u c t u r e ,  p r o d u c e d  oy v a r i a t i o n s  i n  some 
features ,  f tne s t ruc tu re ,  couid be e s t i m a t e d .  As an ex a/ ru l© , the 
t » c h n i f u e  was a p p l i e d  t o  t n e  ca»,e o f  f l a t  g r i d s ,  w i t h  v a r y i n g
^■sj 1 r  s h e a r i n g  p r o p e r t  i©.«=. The s c o p e  c f  t h e  t e c h n i q u e ,  how-  
©veV, i s  y no means l i m i t e d  t o  t m e  ©xample a r i l  many > t n e r  s t r u c t -
• r a  1 p r o b l e m s  c o u l u  be t r e a t e d  on s i  m l  a r  l i n e s .  F u r t h e r m o r e ,  n  
tn© c a s e  o f  f . a t  g r i a s ,  t h e  c h a n g i n g  f e a t u r e s -  *er© c o n s i d e r e d  o r e  a t  
& tirr© ( i . e . ,  e i t h e r  t r s i o n a l  p r o p e r t i e s  o r  s h e a r i n g  p r o p e r t i e s  • 
T h i s ,  h o w e v e r ,  i s  n e t  a b a s i c  r e q u i r e m e n t  o f  * he t e c h n i q u e  and any  
c o m b i n a t i o n  o f  v a r y i n g  f e a t u r e s  c o u l c  be c o n s i d e r e d  t o g e t h e r .  F o r  
i n s t a n c e ,  tn© f o r m u l a t i o n  o f  t h e  p r o b l e m  c o n c e r n i n g  t h e  c o m b i n e d  
e f f e c t s  o f  v a r y i n g  t o r s i o n a u  and s h e a r i n g  p r o p e r t i e s  i n  a f l a t  g r i d ,  
c o u . d  be done a s  f o l l o w s :
From s e c t i o n  5- L ,  t h e  m o d i f i c a t i o n  m a t r i x  r e p r e s e n t i n g  th© c o m b in e d  
v a r i a t i o n  o f  t o r s i o n a l  and s h e a r i n g  p r o p e r t i e s  i s  g i v e n  b y :
■ w r r r y s * v s n v t « ■
aryu
Ougfi
iub
OW HiK
o r l/ll a ~
id ur«
S t e p  ’ ? h »  f o r c e -  i i e j S
i n t e r n a l  ^ o r c ^ s  i n  t e r m s
S t e j  u T h e  s t r u r t u r e  i  
**vtu Ufi* * * he c ' rt *• t ar. t  s  in
a / > T , e r « ; g u i  le ir. 1  ^ *»«£;.
*o r m u l a t i o n  i *■ r e q u i r e d .  I n  
t< b* a n s w e r e d  l a  w h e t h e r ,  : 
e r a t i o n ,  a p o s t u l a t e  s i m i l a r
fcjjfj?  ^ * 1  ’ . ’ 11 r t r% & | i A ,  4 f* i"
The r e l a t i o n s  o b t a i n e d  
y o u n l e  f o r  t n e  v a r i a t i o n  a i n
-i r enef. t
va r ia  t*
umt **r *»: basic c<« et 
in . and
' • . r s e ,  y ■> l o r e  t  f . a :  
a t i r. ft le U>i i p'l 
r , t h e  main \ u e - t t <<n 
bjftir.a u n d e r  c o n h i d -
t fi ft
i v a f i o n  and f u l n e
ruu.d a l s o  be .t>eu as ui 
ac em ent  s .  The * * n r . e  ot 
r e  a a t  i o n  a,  u  w e v e r ,  v a r
a* * t o  ~x e tno t h e  n a t t e r  i s  d i s c u s s e d  i n  s e c t i o n  ' - * •
The t e c h n i q u e  f r  e s t i m a t i n g  s t r u c t u r a l  b e h a v i o u r  f i n d s  i t s  
in.m e d i a t e  u >** i n  t n e  o p t i m i z a t i o n  p r o c e s s e s .  Any s t r u c t u r a l  
o p t i m i z a t i o n  p r o c e s s  i s ,  e v i d e n t l y ,  c o n c e r n e d  w i t a  t r *- a e t e r m n -  
at  i o n  o f  th»- v a l u e s  o f  f e a t u r e  v a r i a t .  i e s  w h i c h  r e s u l t  in  t h e  most  
f a v o u r a b l e  d e s i g n .  S u c h  ar. end may he a c h i e v f  l  t)v u t i . i z i n g  t h e
ie v i t ,  a s e d  on t n e  r e s u .
t n e  i n t e r n a ;j  f <j r e l  a t i v " * . y ssia;  1 num be r o f  b a s i c  a n a l y s e s ,  
f u r c e a  and d i s p l a c e m e n t s  o f  a s t r u c t u r e ,  c o r r e s p o n d !  
nfixnof*r ot d i  f 1e r e h t  v a l u e s  o f  t h e  T e a t u r e  v a r i a i i . e s ,  
be e s t i m a t e d  thd t .n *  m o s t  f a v o u r a r . «-* mode ca r’ t h e n  b 
a i i  r*- :t corn c a r  i  s o n  o f  t h e  r e s u l t s .
t rofr
W* mav c o n c l u d e  t n a t  ,
U, ( U P
n i  j  u *
te g e n e r a l i s e d  v e r s i o n  o f  th i  
e n e r a l  r e l i a b i l i t y ,  a p»ower
n t l a i i z a t
e n e s e a r c h
th is  tl*efji
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T 0 s s - s © c t  i unal «r** q  ' M * * o r  i r ^ p + t i - n t  n  l i t  b o u n d a r y  
•ondition  when a* 1 tn© boun©ar • » . ’ * *? t i ». t © completely
f i x© i i any iqunre mat".*
a r e a  o f  t h© wet.; ! »n I — - - '* u r
-  i  v&t -
c o e f f i c i e n t
i and a /  i n c r e m e n t s  o f  e x t e r n a l  l o a d  
t y n  ' a l  M©ment o f  a m a t r i x  A
w i d t h  o f  * c r o s s - b e e t  i o n ; 'o d e  word r e p r e s e n t i n g  t h e  b o u n d a r y  
c o n d i t i o n  when a l l  t h e  b o u n d a r y  j o i n t s  o f  a g r i d  ar© k n i f e  « ig ed  
p a r a l l e l  to th* b o u n d a r y  l i n e ;  any s q u a r e  m a t r i x
a b b r e v i a t i o n  f o r  B r o a d  F l a n g e  Beam
a b b r e v i a t i o n  f o r  b e n d i n g  moment
a b b r e v i a t i o n  f o r  B r i t i s h  S ' a n d a r d  A l u m i n i u m  Beam 
a b b r e v i a t i o n  f o r  B r i t i s h  S t a n d a r d  Beam 
a t y p i c a l  member o f  a s t r u c t u r e
b i b ,  and b i n c r e m e n t s  o f  r e a d i n g  o f  a s t r a i n  gauge o r  a d i a l  
1 2  t
gauge
c ode  word representing t n e  b o u n d a r y  c o n d i t i o n  when a I * he 
b o u n d a r y  j o i n t s  o f  a g r ^ d  a r e  r e s t r i c t e d  ! rom t r a n s l a t i o n  v u . 
can r o t a t e  f r e e l y
c o d e  word r e p r e s e n t i n g  ' h e  b o u n d a r y  c o n d i t i o n  when f o u r  c r n e r  
30ir.fr.  o f  n  g r i d  a r e  r e s t r i c t e d  t rorr t r a n s l a t i o n  out r a n  r e t  *'© 
f r e e l y ;  s q u a r e  m a t r i x ;  a b b r e v i a t i o n  f r  d e f i ©  M o n

t o r s i o n  c o n s t a n t  o f  a c r o s s - s e c t  101
J a n a , opou.i t r e  io n  cons t ant  ' f  an  I - s e c t i  on when tne © f f © o t s  of
wmi pin»z r e s t r a i n t  ar© on s i d e r e d
j  a  t y p i c a l  j i n t  ; s u l . - c r i p t
K s t i f f  n e s s  m a * n >  o:  « . i t r u  M r ©
h, b a s i c  s t i f f n e s s  m a t r i x  f  a memoer to
h . b a s i c  s t  i  finest? matrix o  * a a m b e r  t alter « io a. f  ication o f  
mn
to© T e e n e r
( K l l  , ( K I f ) , (K 2 1 • and v K 2 2 l  a t i f f i . © s s  m a t r i c © *  o f  a member 
b o b b
d r e l a t i v e  t o  t h e  member c o o r d i n a t e  s y s t e m
(K 1 1 ). , (K 12 ). , (K 21) and (h 22 ), f i t i f f n © « 6  m a t r i c e s  o f  a 
b b d b
member t r e l a t i v e  t o  t h e  f r a r e  c< r d i n a t e  c y s t  err.
vK 11 . , (K 12 ) , \K 2 1 ) and .r 2 2 ' . s t i f f n e s s  m a t r i c e s  o f
mb mi mb mb
a m©mber b r e l a t i v e  t o  t i ©  f ra m e  c o o r d i n a t e  
s y s t e m  a f t e r  m o d i f i c a t i o n  o f  th© member
k s u b s c r i p t
* shear c o e f f i c i e n t  \ k - CaEI/GAlA) o c
L l e n g t h  o f  a member
1^ l © n g t h  o f  one s i d e  o f  a s q u a r e  d i a g o n a l  g r i d
M m o d i f i c a t i o n  m a t r i x  o f  a s t r u c t u r e ;  a b b r e v i a t i o n  f o r  b e n a i n g
moment
K. m o d i f i c a t i o n  m a t r i x  o f  a s t r u c t u r e  due t o  t h e  m o d i f i c a t i o n  M  
b
a member I
m a b b r e v i a t i o n  f o r  b e n d i n g  moment
max t h e  ra&xirrun w i t h  r e s p e c t  t o  v a r i a t i o n  i n  t h e  i n t e g e r  
v a n a o i e  i
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i o  i  o o
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n an i n t e g e r ;  d i m e n s i o n  o f  a v e c t o r ;  o r d - r  o f  a s q u a r e  m a t r i x ;
d i m e n s i o n  o f  a E u c l i d e a n  s p a c e
G and 0 * o r i g i n s  o f  C a r t e s i a n  c o o r d i n a t e  s y s t e m s
1 c ode  word r e p r e s e n t i n g  t h e  e x t e r n a l  l o a d i n g ,  sy e t e m  c o n s i s t i n g
o f  a v e r t i c a l  c o n c e n t r a t e d  l o a d  a p p l i e d  t o  t h e  c e n t r a l  j o i n t  o f  
a g r i d ;  m a g n i t u d e  o f  a c o n c e n t r a t e d  l o a d
p. a t y p i c a l  co m po ne nt  o f  b e n d i n g  moment o r  s n e a r i n g  f o r c e
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m a g n i t u d e  o f  a c o n c e n t r a t e d  e x t e r n a l  l o a d  
m o d i f i c a t i o n  m a t r i x  o f  a member b
k
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l 2 ' u
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W i n t e n s i t y  o f  u n i f o r m l y  d i s t r i b u t e d  l o a d i n g ,  c o d e  word r e p r e s e n t ­
i n g  * he e x t e r n a l  l o a d i n g  s y s t e m  c o n s i s t i n g  o f  u n i f o r m l y  d i s t r i -  
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APPENDIX
A COPY OF THE COMPUTER PROGRAMME 
(IN SIRIUS AUTOCODE) FOR ANALYSIS 
OF FLAT GRIDS
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